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Abstract 

A symmetric quiver {Q, a) is a finite quiver without oriented cycles Q = 
{Qo,Qi) equipped with a contravariant involution a on Qq U Qi. The in- 
volution allows us to define a nondegenerate bilinear form < , > on a rep- 
resentation V of Q. We shall say that V is orthogonal if <, > is symmetric 
and symplectic if < , > is skew-symmetric. Moreover we define an action 
of products of classical groups on the space of orthogonal representations 
and on the space of symplectic representations. So we prove that if (Q, a) 
is a symmetric quiver of finite type or of tame type then the rings of semi- 
invariants for this action are spanned by the semi-invariants of determinan- 
tal type and, in the case when matrix defining is skew-symmetric, by 
the Pfaffians pf^ . 
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tors; Pfaffian; Schur modules; Generic decomposition. 



1 



Contents 



Introduction H 

1 Main results 8 

1.1 Symmetric quivers 8 

1.1.1 Symmetric quivers of finite type 

1.1.2 Symmetric quivers of tame type 

1.2 The main results 

1.3 Reflection functors for symmetric quivers 

1.3.1 Admissible sink-source pairs 

1.3.2 Reflection functors for symmetric quivers 

1.4 Semi-invariants of symmetric quivers 

1.5 Relations between semi-invariants of (Q, a) and of 

{c{x.a{x)){Q)i(^) 

1.6 Composition lemmas 

2 Semi-invariants of symmetric quivers of finite type 

2.1 Equioriented symmetric quivers of finite type 

2.1.1 The symplectic case for 742,1 

2.1.2 The orthogonal case for 

2.1.3 The symplectic case for A2„+i 

2.1.4 The orthogonal case for y42„+i 



3 Semi-invariants of symmetric quivers of tame type 

3.1 Semi-invariants of symmetric quivers of tame t5'pe for dimension 

vector ph 

3.1.1 yl^'"'^ for dimension vector p/i 



3.1.2 for dimension vector ph 



'-k,l 

3.1.3 ^ for dimension vector p/i 

3.1.4 J for dimension vector p/i 

3.1.5 ^ for dimension vector p/i 

3.1.6 13^' ° for dimension vector p/i 

3.1.7 _D°'^ for dimension vector p/i 

3.1.8 End of the proof of conjecture II. 2. II and II. 2. 21 for dimension 
vector ph |6S 

3.2 Semi-invariants of symmetric quivers of tame type for any regular 

dimension vector ^ 



2 



3.2.1 Proof of theorem l3^ and l3^ 

3.2.1.1 Alf^ 

3.2.1.2 Alf^ 

3.2.1.3 1°'] M 

3.2.1.4 Alj S 

3.2.1.5 |92 

3.2.1.6 D}'° |93 

3.2.1.7 m 

A Representations of GL and invariant theory 100 

A.l Highest weight theory for GL and Schur modules IOC 

A. 2 Invariant theory Il06 

B Quiver representations and semi-invariants 109 

B. l Auslander-Reiten theory 109 

B.2 Quivers of tame type 112 

B.3 Reflection functors and Coxeter functors 114 

B.4 Semi-invariants of quivers without oriented cycles 117 

B.5 , reflection functors and duality functor 12C 

B.6 c^'s, weights and partitions Il21 

References Il25l 



3 



Acknowledgements 



I wish to express deep thanks to Prof. Jerzy Weyman for the patience with which 
he followed me during thesis draft and for giving me the opportunity to work with 
him, having me as a guest at Northeastern University of Boston for two years. 
I am grateful to Prof. Elisabetta Strickland for the great helpfulness she showed 
me during the three years of PhD and for her precious advise. 
I wish also thank Prof. Fabio Gavarini for everytime that I have gone to his office 
if I had a problem of mathematics or any other problems. 

Besides I am grateful to Prof. Alessandro D' Andrea, Dott. Giuseppe Marchei, 
Dott. Giovanni Cenilli Irelli and Dott. Cristina Di Trapano for the numerous and 
fruitful discussions we had together and to Prof. Corrado De Concini for giving 
me important suggestions before I began to work on my thesis draft. 
I would also thank Prof. Marialmsa J. de Resmini for being so close to me diiring 
all years that I spent to University. 



4 



Introduction 



The representations of qidvers can be viewed as a formalization of some linear 
algebra problems. Symmetric quivers have been introduced by Derksen and Wey- 
man in [DW2] to provide similar formalization for other classical groups. 
In the recent years the quiver representations were used to prove interesting re- 
sults related to general linear groups. 

Derksen and Weyman in [DWl] gave a proof of saturation property for Littlewood- 
Richardson coefficients. 

Magyar, We5nnan and Zelevinsky in [MWZl] classified products of flag varieties 
with finitely many orbits under the diagonal action of general linear groups. We 
hope that the representations of symmetric quivers are a tool to solve similar prob- 
lems for classical groups. 

Another interesting aspect and direction for future research is the connection with 
Cluster algebras (see [FZl]). Igusa, Orr, Todorov and Weyman in [lOTW] gener- 
alized the semi-invariants of quivers to virtual representations of quivers. They 
associated, via virtual semi-invariants of quivers, a simplicial complex T{Q) with 
each quiver Q. In particular, if Q is of finite type, then the simplices of T{Q) corre- 
spond to tilting objects in a corresponding Cluster category (defined in [BMRRT]). 
It would be interesting to carry out a similar construction for symmetric quivers 
of finite t}^e and to relate it to Cluster algebras (see [FZ2]). 

The results of this thesis are first steps in this direction. We describe the ring of 
semi-invariants for symmetric quivers of finite and tame t5^e. 
A symmetric quiver is a pair (Q, a) where Q is a quiver (called underlying quiver of 
{Q, a)) and cr is a contravariant involution on the union of the set of arrows and the 
set of vertices of Q. The involution allows us to define a nondegenerate bilinear 
form <, > on a representation V of Q. We call the pair {¥,<,>) orthogonal rep- 
resentation (respectively symplectic) of {Q,o-) if <, > is symmetric (respectively 
skew-symmetric). We define SpRep{Q, (3) and ORep{Q, (3) to be respectively the 
space of symplectic /3-dimensional representations and the space of orthogonal 
/^-dimensional representations of (Q.o"). Moreover we can define an action of a 
product of classical groups, which we call SSp{Q, P) in the symplectic case and 
SO{Q, j3) in the orthogonal case, on these space. We describe a set of generators of 
the ring of semi-invariants of ORep{Q, /?) 

OSI{Q,0)=K[ORep{Q,p)f°^Q'^^ = 

{/ e K[ORep{Q, m9-f = f'^9& SO{Q, /3)} 
and of the ring of semi-invariants of SpRep(Q, a) 

SpSI{Q,l3) = K[SpRep{Q,/3)f^P^^'^^ = 
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{/ e K[SpRep{Q, mg • / = / V.g e SSp{Q, /?)}, 

where K[ORep{Q, f3)] is the ring of pol5momial functions on ORep{Q, (3) and K[SpRep{Q, /?)] 
is the ring of pol5momial functions on SpRep{Q, 

Let {Q, a) be a symmetric quiver and V a representation of the underlying quiver 
Q such that ( dim V, (3) = 0, where (•, •) is the Euler form of Q. Let 

— > Po — >V — >0 

be the canonical projective resolution of V (see [Rl]). We define the semi-invariant 

:= det{HomQ{d^ , •)) of OSI{Q, /S) and SpSI{Q, /3) (see [DWl] and [S]). 
Let T be the Auslander-Reiten translation fimctor and let V be the duality fimctor. 
We will prove in the symmetric case the following 

Theorem 1. Let {Q, a) be a symmetric quiver of finite type or of tame type such that the 
underlying quiver Q is without oriented cycles and let (3 be a symmetric dimension vector. 
The ring SpSI{Q, /3) is generated by semi-invariants 

(i) c^ifVe Rep{Q) is such that (dim V, /3) = 0, 

(ii) pf^ := ifVe Rep{Q) is such that (dim V, (3) ^ 0, tV = WV and the al- 
most split sequence W Z V has the middle term Z in ORep{Q). 

Theorem 2. Let {Q, a) be a symmetric quiver of finite type or of tame type such that the 
underlying quiver Q is without oriented cycles and let 13 be a symmetric dimension vector. 
The ring OSI{Q, (3) is generated by semi-invariants 

(i) ifV e Rep{Q) is such that (dim V. (3) = 0, 

(ii) pf^ := ifVe Rep{Q) is such that (dim V. [3) ^ 0, tV = WV and the al- 
most split sequence -> W Z ^ V ^ has the middle term Z in SpRep{Q). 

A similar result has been obtained by Lopatin in [Lo], in which the author con- 
siders a different form of the generators of the ring of semi-invariants of a quiver 
Q, using ideas from [LoZ]. 

The strategy of the proofs is the following. First we set the technique of reflection 
functors on the symmetric quivers. Then we prove that we can reduce theorems 
[1] and 121 by this technique, to particular orientations of the symmetric quivers. Fi- 
nally, we check theorems [1] and |2] for these orientations. 

In the first chapter we give general notions and results about symmetric quivers 
and their representations. First, we state main results [T] and |2l Next, we adjust to 
symmetric quivers the technique of reflection functors and we describe particular 
orientations for every symmetric quiver of finite type and tame type. Finally, we 
prove general results about semi-invariants of symmetric quivers and we check 
that we can reduce theorems [1] and |2] to these particular orientations. 
In the second chapter, using classical invariant theory and the technique of Schur 
fimctors, we prove case by case theorems [1] and |2] for symmetric quivers of finite 
t5^e with the orientations described in chapter 1. 

In the third chapter we prove theorems [1] and |2] for symmetric quivers of tame 
type with the orientations described in chapter 1 . First, we deal with symplectic 
and orthogonal representations of dimension (3 = ph, where p E N and h is the ho- 
mogeneous simple regular dimension vector We give a proof of theorems [1] and 
|2]case by case. Next, we adjust to symmetric quivers some general results of Dlab 
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and Ringel about regular representations of tame quivers (see [DR]) and we de- 
scribe generic decomposition of dimension vectors of symplectic and orthogonal 
representations (see [Kl] and [K2]). Finally, by these results, we describe case by 
case the ring of semi-invariants of symmetric quivers of tame type for any regular 
dimension vectors. 

At last, in appendix A we recall some results of representations of general linear 
group and of invariant theory. In appendix B we recall general definitions and 
results about qiiiver representations and semi-invariants of quivers. 
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Chapter 1 

Main results 



1.1 Symmetric quivers 

Throughout all this section, we use the notation of section IBTTI 

Definition 1.1.1. A symmetric quiver is a pair {Q, a) where Q is a quiver (called the 
underlying quiver of {Q, a)) and a is an involution from the disjoint union Qo JJ Qi 
itself, such that 

(i) cr{Qn) = Qo and cr(Qi) = Qi, 

(ii) ta{a) ~ a{ha) and ha{a) = a{ta) for all a e Qi, 
(Hi) a{a) = a whenever a £ Qi and a{ta) = ha. 

Definition 1.1.2. Let {Q, a) be a symmetric quiver and 

V = {{V{x)heQ„{V{a)}aeQ,} 

be a representation of the underlying quiver Q. We define the duality functor V : V ^ V* 
with V* = {{V*{x)},^Q^,{V*{a))a^Q,] where V*{x) := V{a{x))* for every x e Qo 
and V*{a) := —V {a (a))* for every a & Q\. Moreover ifW is another representation of 
Q and f : V W is a morphism, then V/ : VW W is defined by (V/)(x) := 
: W*{x) V*{x),for every x e Qo- We shall call V selfdual ifVV = V. 

Definition 1.1.3. An orthogonal (resp. symplectic) representation of a symmetric quiver 
{Q, a) is a pair {V,< •, • >), where V is a representation of the underlying quiver Q with a 
nondegenerate symmetric (resp. skew-symmetric) scalar product < ■,■ > on 0j.gQg Vix) 
such that 

(i) the restriction of<-,->to V{x) x V{y) is ify ^ (j{x), 

(ii) < V{a){v),w > + < v,V{a{a)){w) >= for all v e V (to) and all w € 
y(cr(/ia)). 

By properties (i) and (ii) of definition |1.1.3[ an orthogonal or symplectic repre- 
sentation {V,< ■,■ >) of a symmetric quiver is selfdual. 

Definition 1.1.4. An orthogonal (respectively symplectic) representation is called inde- 
composable orthogonal (respectively indecomposable symplectic) if it cannot be expressed 
as a direct sum of orthogonal (respectively symplectic) representations. 
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We denote Qq (respectively Ql) the set of vertices (respectively arrows) fixed 
by cr. Thus we have partitions 

Qa = QoUQ^U Qo 

Qi^QtDQIUQ^ 
such that Qq = '^{Qo) and ~ cr{Qi), satisfying: 

i) Va G Q]'" , either {ta, ha} C Qq or one of the elements in {ta, ha} is in Qq 
while the other is in Q^; 

ii) Va; G Qq / if a G Qi with ta = x or ha = x, then a G U Ql- 

Definition 1.1.5. Let {Q, a) be a symmetric quiver. We define a linear map S : Z>q 
by setting {da{i)}i£Qg = {a(o'(i))}ieQo fa^ every dimension vector a. 

Remark 1.1.6. Since a is an involution, also S is one. 

Remark 1.1.7. IfV is a representation of dimension a then Sa — dim (\7V). In particular 
ifV is an orthogonal or symplectic representation of{Q, a) of dimension a, then Sa — a. 
Such a is called symmetric dimension vector. 

Proposition 1.1.8. Let 5 : Z>q — > Z>q as in definition \1.1.5\ If a and /3 are dimension 
vectors, then 



(a,/3) = {6/3, Sa). 



(1.1) 



Proof. 




i+uQ? a{ta)l3{ha) + J^aeQ 



j+ a{ta{a))l3{ha{a)) 



(1.2) 




^ I3{a{ta))a{a{ha)) + ^ I3{a{ta{a)))a{a{ha{a))) 





I3{^M^) + E f3{ha{a))a{t<j{a)) + 



ieQo aeQJ 



P{hu{a))a(ta(a)) + ^ {ha))a{(T^ {ta{a)) 




which is the right hand side of \1.2\ . recalling that a is an involution. □ 
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The space of orthogonal a-dimensional representations of a symmetric quiver 
{Q, a) can be identified with 

2 

ORep{Q,a)^ iJom(]K"(*"), IK"(''")) ® /\(K"(*'^))*. (1.3) 

The space of symplectic a-dimensional representations can be identified with 

SpRep{Q,a)= ffoTO(]K"(*'^), IK"^'''^)) © S'2(K"(*'^))*. (1.4) 

We define the group 

0{Q,a)= ]J GL{K,a{x))x J| 0{K,a{x)) (1.5) 

and the subgroup 

SO{Q,a)= Jl SL{K,a{x))x JJ ^^^(K, a(a;)). (1.6) 

Here 0(K, a(x)) is the group of orthogonal tiansformations for the sjonmetiic 
form < •, • > restricted to V{x). 

Assuming that a{x) is even for every x e Qq, we define the group 

Sp{Q,a)= Yl GL{K,a{x))x ]J Sp{K,a{x)) (1.7) 

and the subgroup 

SSp{Q,a)= Jl S'L(K,a(a;)) X ]J ^^(K, a(a;)). (1.8) 

Here ^^(IK, a{x)) is the group of isometric transformations for the skew-symmetric 
form < •, • > restricted to V{x). 

The action of these groups is defined by 

9-V = {ghaVia)gta-^}^^Q+^Q6 

where .9 = {gx)xeQa '= 0{Q,a) (respectively g G Sp{Q,a)) and V € ORep{Q,a) 
(respectively in SpRep{Q,a)). In particular we can suppose ^^(x) = {dx^Y for 
every x e Qo- 

Example 1.1.9. (1) Consider the symmetric quiver {Q, a) 

o — > • — > o 

where a interchanges the antipodal nodes and fixes the closed node. An orthogonal 
representation of{Q, a) is a quadruple {Vi, V2, 4>, (•, •)) where Y\ and V2 are vector 
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spaces, (p : Vi ^ V2 is a linear map and (•, •) is a non-degenerate symmetric hilinear 
form on Vi. We also have the dual map —(j)* : — 1^2 — ^ ^4* "^^^ so we have the 
following diagram: 

A V2 "4* v^. 

Hence the isomorphism classes of orthogonal representations of{Q, a) are the GL{Vi)x 
0{V2)-orbits in Hom{Vi,V2). 

(2) Consider the symmetric quiver (Q, a) 

o ^ o — ^ o ^ o 

where a sends the first vertex to the last one and the second one to the third one. 
A symplectic representation of{Q, a) is a quadriple (Vi, V2, -0) where Vi and V2 
are vector spaces, : Vi — V2 is linear map and ip e 52^2*. We also have the dual 
map —(j>* : — > Vy- We consider the following diagram: 

VyAv2^ Vi -4 v{. 

Hence the isomorphism classes of symplectic representations of{Q, a) are the GL{Vi)x 
GL{V2)-orbits in Hom{Vi,V2) ® S2V2*. 

Definition 1.1.10. (i) Let K[ORep{Q, a)] be the ring of polynomial functions on 

ORep{Q,a). 

OSI{Q,a) = K[ORep{Q,a)f°^'^'°'^ = 
{/ e K[ORep{Q, a)]\g-f = fygG SO{Q, a)} (1.9) 
is the ring of orthogonal semi-invariants of{Q, a), 
(ii) Let K[SpRep{Q, a)] be the ring of polynomial functions on SpRep{Q, a), 

SpSI{Q,a) = K[SpRep{Q,a)f'^P^'^'°'^ = 

{/ € K[SpRep{Q, a)]\g-f = fyge SSp{Q, a)} (1.10) 
is the ring of symplectic semi-invariants of {Q, a). 

1.1.1 Symmetric quivers of finite type 

Definition 1.1.11. A symmetric quiver is said to be of finite representation type if it has 
only finitely many indecomposable orthogonal (resp. symplectic) representations up to 
isomorphisms. 

We recall the following theorem proved by Derksen and Weyman in [DW2] 

Theorem 1.1.12. A symmetric quiver {Q, a) is of finite type if and only if the underlying 
quiver Q is of type An. 

Proof. See [DW2, theorem 3.1 and proposition 3.3] □ 
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1.1.2 Symmetric quivers of tame type 

Definition 1.1.13. A symmetric quiver is said to be of tame representation type if is not 
of finite representation type, hut in every dimension vector the indecomposable orthogonal 
(symplectic) representations occur in families of dimension < 1. 

Theorem 1.1.14. A symmetric quiver {Q, a) with Q connected is tame if and only if the 
underlying quiver Q is an extended Dynkin quiver. 

Proof See [DW2, theorem 4.1]. □ 

One can classify the symmetric tame quivers with connected imderlying qiiiver. 

Proposition 1.1.15. Let (Q, cr) be a symmetric tame quiver with Q connected. Then 

(Q, a) is one of the following symmetric quivers. 

(1) Of type 1^^°'^: 




with arbitrary orientation reversed under aifQ = ^2n+i (> D- Here a is a reflec- 
tion with respect to a central vertical line (so a fixes two arrows and no vertices). 

(2) Of type 1^^°^^: 




with arbitrary orientation reversed under (jifQ = A2n+i (> D- Here a is a reflec- 
tion with respect to a central vertical line (so a fixes two arrows and no vertices). 

(3) Of type A^^"^: 





with arbitrary orientation reversed under a if Q = A2n-i (n < 1). Here a is 
a reflection with respect to a central vertical line (so a fixes two vertices and no 
arrows). 
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(4) Of type Aj^^: 



with arbitrary orientation reversed under a if Q = A^n (n > 1). Here a is a 
reflection with respect to a central vertical line (so a fixes one arrow and one vertex). 

(5) Of type A'};'': 





with arbitrary orientation reversed under a if Q = A2n+i (n > 1). Here a is a 
central symmetry (so a fixes neither arrows nor vertices). 

(6) OftypeDi'° 




with arbitrary orientation reversed under a if Q = (n > 2). Here a is a 
reflection with respect to a central vertical line (so cj fixes one arrow and no vertices). 

(7) Of type D^'^ 





with arbitrary orientation reversed under a if Q = D2„-i (n > 2). Here a is a 
reflection with respect to a central vertical line (so a fixes one vertex and no arrows). 

Proof See [DW2, proposition 4.3]. □ 
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1.2 The main results 

In this thesis we describe the rings of semi-invariants of symmetric quivers in the 
finite type and in the tame cases. We also conjecture in general the following re- 
sults. Below we use the notations of section lB!4l and we conjecture the following 
theorems 

Conjecture 1.2.1. Let (Q, a) a symmetric quiver such that the underlying quiver Q is 
without oriented cycles and let fihea symmetric dimension vector. The ring SpSI{Q, p) 
is generated by semi-invariants 

(i) c^ifVe Rep{Q) is such that {dim V, /?) = 0, 

Hi) pf^ := VcF ifVe Rep{Q) is such that (dim V. 0) = 0, V = r-VV and 
the almost split sequence — W Z ^ V ^ has the middle term Z in 
ORepiQ). 

Conjecture 1.2.2. Let {Q, a) a symmetric quiver such that the underlying quiver Q is 
without oriented cycles and let 13 be a symmetric dimension vector. The ring OSI{Q, 0) 
is generated by semi-invariants 

(i) ifV e Rep{Q) is such that (dimV. P) = 0, 

(ii) pfV ■= Vc^ ifV & Rep{Q) is such that {dimV,0) = 0, V = r-yv and 
the almost split sequence — W — )■ Z — >• — >• has the middle term Z in 
SpRepiQ). 

We prove these conjectures for symmetric quivers of finite type (chapter 2) and 
for symmetric quivers of tame type and regular dimension vectors /? (chapter 3). 
We use the following strategy. First we adjust to symmetric quivers the technique 
of reflection functors. Next we prove with this technique that we can reduce the 
conjectures II. 2. ll and 11.2.21 to a particular orientation of the quiver. Then we state 
and prove conjectures II. 2. ll and ll. 2. 2l for these orientations. 

Definition 1.2.3. We will say that V e Rep{Q) satisfies property (Op) if 

(i) V = T-VV 

(ii) the almost split sequence W Z ^ V ^ has the middle term Z in 
ORepiQ). 

Similarly we will say that V G Rep{Q) satisfies property (Spp) if 

(i) y = r-vy 

(ii) the almost split sequence — >■ \/V — >■ Z — >• — >• has the middle term Z in 
SpRepiQ). 

1.3 Reflection functors for symmetric quivers 

In this section we describe the technique of reflection functors for the symmetric 
quivers. 
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1.3.1 Admissible sink-source pairs 

We use the notation of section IB31 

Definition 1.3.1. Let {Q, a) be a symmetric quiver. A sink (respectively source) x £ Qo 
is called admissible if there are no arrows connecting x and a{x). 

By definition of cr, a; is a sink (respectively a source) if and only if 17(2;) is a 
source, so we can define the quiver c„{^j.'^Cx{Q)- We shall call {x,(j{x)) the admissible 
sink-source pair. The corresponding reflection is denoted by C[x,cr{x)) '■— Ca(x)Cx- 

Lemma 1.3.2. If{Q, a) is a symmetric quiver and x is an admissible sink or source, then 
(c(a;,<T(x))((3), 0-) is symmetric. 

Proof. Let x ^ Q^he an admissible sink of (Q, a). When we apply c(a, ,7(3,)) to Q, 
the only arrows which we reverse are the arrows connecting to x and those con- 
necting to a{x). Now in C(2:,cr(a:))('3)/ ^ bccomes a source and cf{x) becomes a sink. 
So if a is an arrow connecting to x or to cr{x) we have (T(tc(2, o.(^))(a)) = a{ha) = 
ta{a) = ft.cr(c(j;,CT(a;))(a)) and cr(/ic(^,^(^)) (a)) = a{ta) = ha{a) = ta{c(,^^^(,^)){a)). 
Hence C(^j..<y[x)){Q) is a synnmetric quiver. One proves similarly if a; is a source. □ 

Definition 1.3.3. Let {Q, a) be a symmetric quiver. A sequence xi, . . . ,Xm of vertices of 
Q is an admissible sequence of sinks (or sources) for admissible sink-source pairs ifxi+i is a 
sinksuchthat there are no arrows linking Xi+i anda{xi+i) in c(xi,(7(xi)) ■ ■ ■ C(xi,a(xi)){Q) 
for i — 1, . . . , rn — 1. 

Proposition 1.3.4. Let {Q, a) and {Q', a) be two symmetric connected quivers, without 
cycles, with the same underlying graph and such that Q' differs from Q only by changing 
the orientation of some arrows. Then there exists a sequence xi, . . . ,Xm. G Qo which is an 
admissible sequence of sinks (or sources) for admissible sink-source pairs such that 

Q' Ci^Xr,^.a{x^)) ■ ■ • C(xi,cr(xi)){Q)- 

For the proof of proposition I L3 .4] we need a lennma. 

Lemma 1.3.5. If {Q,cr) is a symmetric quiver with \{x — > a{x)\x £ Qo}\ > 1/ then 
{Q, a) has cycles or it is not connected. 

Proof of lemma [031 If there are more than one arrow x ^ a{x) for the same x 
in Q then Q has cycles. Otherwise we suppose that Q is cormected and that there 

are two arrows x -% (y{x) and y A <7{y), with x ^ y inQ. Since Q is cormected, 
these two arrows have to be linked with a sequence of other arrows (this regarding 
their orientation). If there exists a sequence of arrows ai , . . . , at from xtoy then, by 
definition of a, there exists a sequence of arrows (j{ai), . . . , (j{at) from a{y) to (t{x), 
reversed respect to ai, at. So ai • • • ataa{at) ■ ■ ■ (j{ai)b is a cycle. By a similar 
reasoning for the other possible three links between x ^ a{x) and y — ?► a{y) (from 
X to (j{y), from y to cr{x) and from cr{x) to a{y)), we obtain the same conclusion. □ 

Proof of proposition \1.3.4\ By lemma 11.3.51 we can suppose that Q has at most one 
arrow x — > (7(2;) for some x e Qo- First of all we notice that the imder lying graph 
of Q and Q', being a connected graph without cycles, is a tree, i.e. a graph where 
every vertex x has one parent and a several of children each connected by one 
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edge to the vertex x. We define ancestor and descendants in obvious way and we 
call X € Qq a vertex without children if there is only one edge connected to x. Let 
iS" be a set of vertices without children in Q. 

We observe, by definition of a, that if Q ^ A2, in that case there are no admissible 
sink or source, and if S contains x E Qo then it contains a{x). 
Observe that, using reflection of the admissible sink-source pair at the vertex with- 
out children x, we can change arbitrarily orientation of arrow connected to x and 
so of the arrow connected to <j{x). 

We proceed by induction on the number rn of generations in the tree. If the number 
of generations is one, each vertex but one is without children, applying reflection 
at the admissible sink-source pairs we can pass from orientation of Q to orienta- 
tion of Q', by which we observed before. 

Assume proposition true for the trees with to — 1 generations. We remove all ver- 
tices without children from Q and Q', so the resulting quivers Q and Q' have to — 1 
generations and are symmetric. By inductive assumption, we can go from Q to Q' 
by a sequence of reflections at admissible sink-source pairs. 

To pass from Q to Q' we use the same sequence of reflections at each point, adjust- 
ing the orientations of arrows incident to S, to get the next admissible sink-source 
pair if necessarily. □ 

We prove some results on orientations of symmetric quivers of tame type. The 
underlying graph of D is a tree, so by proposition 1 1 .3 .41 we will consider a partic- 
ular orientation of D 

D"'' : o o (1.11) 




o s- o o s- o 



Applying a compositions of reflections at admissible sink-source pairs we can get 
any orientation of D from D'^''. 

Now we deal with orientation of symmetric quivers with underlying quiver of 
type A. First we prove lemma about possible exchange of orientation of a quiver 
Q of type An, that does not involve reflections at the end points of Q. We denote 
vertices of Q with {1, . . . , n} from left to right. 

Lemma 1.3.6. Let 

Q: o 




with k south-west arrows and h south-east arrows. Then there exists a sequence of ad- 
missible sinks xi,. . . ,xi with Xi ^ 1, nfor every i e {1, . . . , Z}, such that Cx^ - ■ ■ c^tQ 
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ts 



Q' 



k arrows .■■ 



h arrows 



i.e. Q' has 1, n as on/y sinks, with, k south-west arrows and with h south-east arrows. 
Proof. Let x and y be two sinks closest to 1. 



Q: 



k" arrows 



h' + l 



k'-l 



h" arrows 



x-1 



x+1 



From Ito y, Q has k' + k" south-west arrows and h' + h" south-east arrows. We 
remove x by applying only reflections at vertices with number smaller than y, as 
follows. We suppose k' > h' (the other case is similar). Applying Cx we get 



h' 



k arrows 



h'+l 



k'-l 



x-1 



x+1 



h" arrows 



Now we can apply Cx-iCx+i and so on we obtain 

k'-h'-l k'-h'+l 
o k'-h' 



k arrows 

a' 



h' 



Finally, applying Ck'-h' we get 



k'-h' 



k' 



h" arrows ^ ^ 

y 



k arrows 

a' 



h' 



k' 



h" arrows ^ ^ 

y 



in which there are (fc' — h') -\- h' + k" = k' + k" south-west arrows and k' — [k' — 
h!) + h" = h' -\- h" south-east arrows. Removing internal sinks in this way proves 
lemma. □ 
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Definition 1.3.7. We will say that a symmetric quiver is of type (s, t, k, I) if 

(i) it is of type A, 

(ii) \Q^\^sand\Q^\^t, 

(Hi) it has k counterclockwise arrows and I clockwise arrows in U Q^. 



By proposition 11.1.151 s,t € {0,1,2} and if either s or < are not zero, then 
s + t = 2. Moreover, by symmetry, we note that k and / have to be even. 

Proposition 1.3.8. Let {Q, a) be a symmetric quiver of type A such that Q is without 
oriented cycles. Then there is an admissible sequence of sinks xi,. . . ,Xs of Q for admissible 
sink-source pairs such that C(^^^ct(i:i)) ■ ■ • C(x,,cr{x,))Q is one of the quivers: 

(1) 

72,0,1 . 




and 



(2) 



A 



k,h 



ifiQ,(T) is of type (2,0, fc,0; 



(3) 



ro,2 

^k,l 




4 — 1 arrows^ 



4 — 1 arrows 



if iQ, a) is of type (0,2, k,l); 



(4) 



if{Q, (t) is of type (1, 1, fc, I); 



■^ — 1 arrozus^ 
o 

4 arrows 
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(5) 



70,0 , 



4 — 2 arrows^ 



if {Q, a) if of type (0,0,fc,fc). 

Proof. For (Q, a) of types (2, 0, k, I), (0, 2, k, I) and (1, 1, k, I) we apply lemma 
ll.3.6l respectively to the subquivers whose the underlying graphs are 



i.e. the subquivers which have as first and last vertex respectively: the a-fixed 
vertex and ta, where a is the cr-fixed arrow, for Q'; the a-fixed vertices for Q"; ta 
and tb, where a and b are the cr-fixed arrows, for Q'". We note that these three 
quivers have | counterclockwise arrows and | clockwise arrows. So for each one 



of Q', Q" and Q'" there exists a sequence of sinks xi , 
■ Cx,Q" and ■ • • c^^Q'" are respectively 



Q' 



j — 1 arrows 



Q" 



-1 arrows 



-1 arrows 



such that I 



o. 



Hence, by symmetry, applying c^^.^ cr(xi)) ' ' ' c.{x^.a{xs))i we obtain the desired ori- 
entations. 

For (Q, cr) of type (0, 0, fc, fc) we consider a sink x of Q and we apply lemma [1.3.61 
to the subquiver Q' which has as first and last vertex respectively x and a{x). So 
there exists a sequence of sinks xi,. . . ,Xs such that c^^ ■ ■ ■ Q' is 



k' arrows 



k" arrows 



a{x). 
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Hence, by symmetry, applying C(^a:ua{xi)) ■ ■ ■ c^^sM^s)) we obtain 



^ >■ I, 

k—k arrows ■■. k—k arrows 



i.e. the desired orientation. □ 



(j{x) 



k' arrows ' ■. k" arrows 

o 



1.3.2 Reflection functors for symmetric quivers 

Let (Q, (j) be a symmetric quiver, {x, a{x)) a sink-soiirce admissible pair. For every 
V e Rep{Q), we define the reflection fimctors 



and 



We note that C-^,f+V ^ C+C^^^^V (respectively C-C+^^^^V = C-^^^f+V) since 
there are no arrows connecting x and (j{x). 

Proposition 1.3.9. Let {Q,a) be a symmetric quiver and V he a representation of the 
underlying quiver. 

(i) Ifx is an admissible sink, then VC^^ a(x))^ — ^{x (t(x))^^- 

(ii) Ifx is an admissible source, then VC^^ a{x))^ — ^{x <t(x))^^- 
In particular for every x admissible sink and y admissible source we have 

(xm{x)) {x,a(x)) (y,(T(y)) {y,<y(y)) 

Proof. We prove (i) (the proof of (ii) is similar). Recall that x ^ cr{x), otherwise 
X is not a sink. Let {ai,...,afc}be the set of arrows whose head is x. 

{Va{v)Y _ (T(y)^a(x),x 

{Coker{Va(x) 0^1 Vhcr{ai)))* <^iy) = <^{x) 
(Xer(eti Vta, A V,))* a{y) - x, 

where h{i}) = {V {(y{ai)){v), . . . , V{a{ak)){v)) with v e V^^^) and h'{vi, ...,Vk) = 
Viai)ivi) + ■■■ + V{ak){vk) with {vi,...,Vk)€ ©ti Vta,- 

(^(x,.(.))V^). = 

{'VVy)y y^(j{x),x 

I ^eK©-=i(VV^)ta. A (Vy),) y = x, 
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whereh'iv) = {VV{a{ai)){v), . . . ,VV{a{ak)){v))withv e (Vy)„(^) and . . . , w^) 

Vy(ai)(«i) + • • • + VV(afe)K) with . . . , Ufc) e ©ti(Vl^)ta.. 

Since (VF)y = (^^(y))* for every y e Qo and Vy(a) = -V{a{a))*, we have /i = 

—h* and /i' = —h'*; moreover if t/? is a linear map, in general we have {Ker{(p))* = 

Cokeriv*) and (C7ofcer(^))* = Ker{ip*), so (VC+ ^^^^^y), - (C+,.(,)) V^), for 

every y e Qq. 

We note that 

{Ccr{x)<^{0'i) a = cii with Z G {1, . . . , fc} 
c^fli a = cr(a^) with i G {1, fc} 

o-(a) a ^ fli, CT(ai) with i G {1, . . . , fc}. 

So we have 

(VC(+,,(,))F)(c(,,.(.))a) = -((C,+C;(^)V^)(a(c.c.(.)a)))* = 

-V{a{a))* a ^ aj,(T{aj) with j G {1, . . . , fc} 

-(K ^ ©ti Via, Vta.y a = a{a,) with j G {1, . . . , fc} 

-{Vha(a,) ^ ©Li Vhcr{ai) ^ "^^(i:))* « = with j G {1, . . . , fc} 

and 

(^(L,^(x))^^)(c(x,a(x))a) = 

VF(a) a 7^ aj,a{aj) with j G {1, . . . , fc} 

(VF), ®ti(V^)*a, ^ (VF)ta, a - a, with .? G {1, . . . , fc} 

a = aj withj G {l,...,fc}. 

Hence VC+,,(,))F ^ ^(t,.(.))V^. □ 

Corollary 1.3.10. Let {Q, a) and {Q', a) he two symmetric quivers with the same under- 
lying graph. We suppose there exists a sequence xi , . . . , Xm of admissible sinks for admis- 
sible sink-source pairs such that Q' = C(2,^ • • • C(^xi.a{xi))Q- V G Rep{Q) and 
V = • ■ ■ ^ RepiQ'^Then 

V = T-vv <=^v' = T-vv'. 

Proof. By proposition |1.3.9[ we have 

T'C- ,c+ ■■■C-, ,c+T+v^c- ,T-c+---c-, ,T+C+V = --- = 

(7{Xr,i) ^7Ti 0-{Xi} Xi a{Xr,i} Xm I7{X\) X^ 

Proposition 1.3.11. Let (Q, a) be a symmetric quiver and let x be an admissible sink. 
Then 

(i) V is a symplectic representation of{Q, a) if and only ifC'^^ a{x))^ ^ symplectic 
representation; 

(ii) V is a orthogonal representation of {Q, a) if and only ifC'^^ <yix))^ '® ^ orthogonal 
representation. 
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Similarly if x is an admissible source then C^^ ^^^.^-^ sends symplectic representations to 
symplectic representations and orthogonal representations to orthogonal representations. 

Proof. By proposition 11.3.91 we have V = W if and only if C'jjj. ^^(x))^ ~ 
VC^^ cr(i;))^- To define an orthogonal (respectively symplectic) structure on C^^ t{x))^ 
the only problem could occur at the vertices fixed by a. But, by definition of ad- 
missible sink and of the involution a, fixed vertices and fixed arrows don't change 
under our reflection. The proof is similar for C^^ ^(^^^^ with x an admissible source. 
□ 

Next we prove that the reflection functors for symmetric quivers preserve the rings 
of orthogonal and symplectic semi-invariants. We need some basic property of 
Gr asmannians . 

Definition 1.3.12. Let W bea vector space of dimension n. Consider the set of all decom- 
posable tensor wi A . . . A Wr, with wi, . . . ,Wr G W, inside /\^ W. This set is an affine 
subvariety of the space vector l\f W, called affine cone over the Grasmannian. It will be 
denoted by Gr{r, W). 

Definition 1.3.13. The Grasmannian Gr{r, W) is the projective subvariety ofF{f\' W) 
corresponding to Gr{r, W). 

This variety can be thought as the set of /--dimensional subspaces of W. The 
identification between /\^ W and /\" ' W* induces an identification between Gr{r, W) 
and Gr{n — r, W*) and so between Gr{r, W) and Gr{n — r, W*). By the first fun- 
damental theorem (FFT) for SL V (see [P, chapter 11 section 1.2 ]), it follows that 

K[V(E)Wf^^ ^ K[Gr{r, W)], 

where r = dim(V). 

Lemma 1.3.14. Ifx is an admissible sink or source for a symmetric quiver {Q, a) and a 
is a dimension vector such that C(j.^(j.))Q;(a;) > 0, then 

i) !/c(a;^o-(x))«(2:) > there exist isomorphisms 

SpSI{Q,a) SpSI{c(x,„(^))Q,C(,^,„(,^))a) 

and 

OSI{Q,a) ^ OS'/(c(j._o.(j.))(3,C(2,,cr(x))a), 

ii) ifc(^x,<T(x))(^ix) = there exist isomorphisms 

SpSI{Q,a) — > 5'j35'/(c(x^^(x))(3,C(a.^^(^))a)[y] 

and 

OSI{Q,a) — > 0S'/(c(j._^(j.))(3,C(j._CT(j.))a)[y] 
zvhere A[y] denotes a polynomial ring with coefficients in A. 
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Proof. We will prove the lemma for the symplectic case because the orthog- 
onal case is similar. Let x G Qo be an admissible sink. Put r ~ a{x) and n = 
J2ha=x'^(i^)- note that C(^,„(^))a(x) = n - r. Put = W, V = K""'' and 
W = 0;,^^^ IK"^*'^) = K". We define 

and 

Proof of i). If C(2.^o.(2.))Q;(a::) > Owe have 

SpSI(Q,a) = ]K[5'pi?ep(Q,a)]^^P('2'") = 

IK[Z X HomiW,V)f'''^^^ = {K[Z](g)K[Hom{W,V)f^^f = 
(]K[Z] ® IK[&-(r, W*)]f 

and 

S'pS'/(C(^ ,^(3,))(5,C(a;^cr(a;))a) = 

K[Z X i?om(T/',VF)]'^''^-^^' = {K[Z] (g)K[Hom{V' ,W)f^^'f = 
{K[Z](g)K[Gr{n-r, W)])^ . 

Since Gr{r, W*) and Gr{n — r, M^) are isomorphic as G-varieties, it follows that 

SpSI{Q, a) and SpSI{c(^x.a(x))Q^ C(^x.a{x))C»:) are isomorphic. 

Proof ii). If C(:r^o^(j:))Q;(a;) = 0, then n = r and V^' 0. So Gr(0, M^) is a point and 
hence 

SpSI{Q, a) = iK[Z] (g) K[Hom{W, V)]f^^ ^ (1.12) 

is isomorphic to 

SpSI{c^,^„^,yjQ,c^,^,^,yja) = {K[Z]^K[Hom{V\W)]f''^ 

Now let A — {a E ha = x}. Using theorem |A.1.9[ each summand of (|1.12t 
contains {^^eA ^Ma)^)'^^ ^ as factor. By proposition |AjZ8] each A(a), with a e A, 
has to contain a column of height a{ta), hence A(a) — /i(a) + (l"*^*"'), for some /i(a) 
in the set of partitions A. So as factor we have 




which is generated by det{^^^^^ ]K"(*°) -> On the other hand we have 

K[Hom{W,V)])^'''^^^ = lK[det(0^„^^ K"(*") ^ and so we have the state- 

ment ii), with y = det(0^^^^ K°(*") ^ K°(^)). □ 
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1.4 Semi-invariants of symmetric quivers 

In this section we prove some general results about semi-invariants of symmetric 
quivers with underlying quiver without oriented cycles. 

We assume that {Q,a-) is a symmetric quiver with underlying quiver Q without 
oriented cycles for rest of the thesis. 

We recall that, by definition, symplectic groups or orthogonal groups act on the 
spaces which are defined on the cr-fixed vertices, so we have 

Definition 1.4.1. Let V be a representation of the underlying quiver Q with dim V = 
a such that {a, (3) — for some symmetric dimension vector /3. The weight of on 
SpRep{Q, 13) (respectively on ORep{Q, /?)) is (a, •) — Z^kgqj ^^^^"^ 

ex.,o.KV) - I otherwise. ^ ^ ^> 

In general we define an involution 7 on the space of weights (a, •) with a 
dimension vector. 

Definition 1.4.2. Let a he the dimension vector of a representation V of the underly- 
ing quiver Q and let {a, ■) = x = {x(*)}iGQo weight of . We define 7% = 
{lx{i)}i<^Qo where jxi^) = -x{(^{i)) for every i e Qo 

We number vertices in such way that ta < ha for every a E Qi. We note that 

X = {a, •) = {a{j) - Y.,<, &-*,jaW)jeQo' 

where bi^j :— \{a e Qi\ta ~ i.ha ~ j}| \{a e Qi\ta = a{j),ha = a{i)}\ =: 
Lemma 1.4.3. 

= {T-6a, •) = (dim(T-VV). •), (1.14) 
i.e. 7x is the weight ofc^ . Moreover 7 is an involution. 

Proof. By definition of 7, 7x(j) = —a{a{j)) + X]j<j ^tj^^i'^i^))- Now it follows 
by theorem IB. 1 .91 that {r^da, •) = — (•, Sa), thus, for every j e Qo, {r^Sa, = 
-{■,Sa){j) = -5a{i) + Y.t<jbt,j5a{i) = 7x(j). Hence 7X = (r^fc, •). □ 

Moreover, since "f"fx{i) ~ 7(~x('''(*))) = x{(^^{i)) = x(*) for every i e Qo, 7 is 
an involution. 

If (3 is the dimension vector of a representation W of the imderlying quiver Q, we 
have 

(a,/3) = ^ (T-fo,(5/3) = 0. (1.15) 
Indeed, by theorem |BX9j 

(a,/3) = ((5/3, fc> = -{T-5a,5p). (1.16) 

Since /3 is the dimension vector of an orthogonal or symplectic representation W , 
we have that /3 is a symmetric dimension vector and so 

(a, /3) = ^ {T-5a, /3) = 0. (1.17) 
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Lemma 1.4.4. Let (Q, a) be a symmetric quiver. For every representation V of the un- 
derlying quiver Q and for every orthogonal or symplectic representation W such that 
( dim (V), dim (W)) — 0, we have 



Proof. It follows directly from lermna lB.5.31 □ 

Now we prove in general a crucial lemma which will be useful later. Let (Q, u) 
be a symmetric quiver. If F is a representation of the underlying quiver Q such 
that V = T^W then, by the theorem IB. 1.111 there exists an almost split sequence 
Q^W^Z^V^Q with Z e Rep{Q). Moreover for such V G Rep{Q) with 
dim V = a we have a — T^6a and = X/ where x = («i ')■ So x(«) — 7x(*) = 
— x(o'(i)) for every i £ {1, . . . , n}, in particular x{i) = if a{i) — i. 

Definition 1.4.5. A weight x such that ^x — X called a symmetric weight. 

Lemma 1.4.6. Let {Q, a) be a symmetric quiver of finite type or of tame type. Let dj^i„ 
be the matrix of the minimal projective presentation ofV& Rep{Q,a) and let (3 be a 
symmetric dimension vector such that {a, (3) = 0. Then 

(1) HomQ{d^i^, ■) is skew-symmetric on SpRep{Q, 13) if and only ifV satisfies prop- 



(2) HomQ{d^^^j^, •) is skew-symmetric on ORep{Q, (3) if and only ifV satisfies prop- 



Proof. We use notation of section lR2] We call {Q' , a) the symmetric quiver with 
the same underlying graph of (Q, a) such that 

(i) if Q is of type A, then Q' has all the arrows with the same orientations; 

(ii) if Q is of type A, then Q' is one of the quiver as in proposition 1 1 .3 . 8l (it de- 
pends on which kind of quiver is Q); 

(iii) if Q is of type D, then Q' is I)""? (see picture Hl.lH ). 

By propositions 1 1 .3 .4| and 1 1 . 3^ there exists a sequence xi,. . . ,Xjn of admissible 
sink for admissible sink-source pairs such that C(^x„^.a{x,„)) ' ' ' C(xi,a{xi))Q = Q'- We 
caliy:=C("|^ y^ - ■ ■ C^^^ J) ^ fo'" every V € Rev(Q) and if a = dim V, then 

a' := C(^x^.(y(x,„)) ■ ■ ■ C{xi,a{xi))Ct- We note that, by corollary II. 3. lOl and proposition 
11.3.111 V satisfies property (Op) (respectively property (Spp)) if and only if V sat- 
isfies property (Op) (respectively property (Spp)). We prove only (1), because the 
proof of (2) is similar. 

Type A. Let {An, a) be a symmetric quiver of t5^e A. We enumerate vertices 
with 1, . . . , n from left to right and we call the arrow with i on the left and i + 1 
on the right. We define <t by a{i) = n — i + 1 for every i E Qo and a{ai) for every 
? e {1, . . . , n — 1}. Let V — Vi^a{i)-\, i-e- is the indecomposable of A„ such that 



We note t hat VF' = V.,+x,a{{) = r^V and Z' = e ^.+1,^(0-1- So, by defini- 

tion |1.1.3l on Z' we can define a structure of orthogonal representation if n is odd 



c^{W) 



erty (Op); 



erty (Spp). 
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and a structure of symplectic representation if n is even. So it's enough to check 
when ffom(3(fi^j„, •) is skew S5nnmetric and, for type A, we do it explicitly. 
Let X = {cf, •) — Yl^xeQ" symmetric weight associated to a. If mi is the 

first vertex such that x(mi) 7^ 0, in particular we suppose x('^i) = 1/ then the 
last vertex nis such that xii^'s) 7^ is m,, = o-(mi) and x("^s) = —1- Between mi 
and nis, -1 and 1 alternate in correspondence respectively of sinks and of sources. 
Moreover, by definition of symmetric weight, we have s = 21 for some I e N. We 
call Z2, . . . , 1/ the sources, ji, . . . the sinks, ii = mi and ji = nis. Hence we 
have (j{it) = ji-t+i and ii < ji < . . . < ii < ji. Now the minimal projective 
resolution for V is 

0— ^0^/-^0^i^^^O (1-18) 

j=ji i=ii 

and for the remark above we have 

^ ^/-^ P^U) -^V^O, (1.19) 

with 

{-c-ik+iJk if h = l - k 
if h = l-k + l (1.20) 
otherwise, 

where aij is the oriented path from i to j. 
Hence 

jl jl jl 

Hom{dl,^, W) : W{a{j)) = WU)* W{j) (1.21) 
j=ji j=ji 3=31 

where 

r -VK(a,,+,,jJ if k = l-h 

{Homidli„,W)U = I M/(a.,,,J if k = l-h+l (1.22) 

[ otherwise. 

Now W is orthogonal or symplectic, so for fc ^ /i, if fc = / — /i + 1 we have 

-W^K-.+.,j,-.+J* = -W^K,jJ' = -{{Hom{dl,,,,W)),^,Y. 

In a similar way it proves that if fc = I- h then {Hom{d^i^,W))hk = -{{Hom{d^i^,W))kh) 
Finally the only cases for which {Horn {d^m ■,^))hhi^^ are when h = l — h-\-\ and 
h = l—'h.\vL the first case (the second one is similar) we have (Homid^^^ , W))hh — 
W{ai„j,) = Wia^^j.^jJ and -{{Hom{dl,^,W)Uy = -W^KjJ* = -W{a,^^,^jJ. 
But = ~^i'^a{jh),jhy f°^ even if and only i£W G ORep{Q), for n 

odd if and only if e SpRep{Q). 

We consider the tame case. First we note, by Auslander-Reiten quiver of Q, that 
if (Q, (t) is a symmetric quiver of tame type, then the only representations V e 
Rep{Q) such that r~ VT^ = V are regular ones. 
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Type A. We prove lemma only for Q of type (1, 1, fc, V) because for the other cases 
it proceeds similarly. We consider the following labeUing for Q' = A}^\: 



V \ ' 

o o 

o o 

o o 

"if \<y{-o^) 

o o 

"ij fo-(Ml) 

o o 

o o 

o s- o. 
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The following indecomposable representations y e Rep[Q') satisfy property (Op). 
The other regular indecomposable representations of Rep{Q') satisfying property 

(Op) are extensions of these. 

(a) V(o,i); in this case Z' = Ej^® £2,0 where Ej^ is the regular indecomposable 
representation of dimension ei + h with socle Ei. 

(b) -Eij-i, with l<i<j<l + l, such that VEij^i = Ei+i^; in this case we 
have Z' = -Bj+ij-i 8 -Bij. 

(c) £^-.j_i, with 2<j<i-l<fc + l, such that VE'^ = -B'+ij; in this case 
we have Z' = £^-+i j-i ® ^Ir 

Let X be the symmetric weight associated to a. We order vertices of Q clockwise 
from tb = 1 to hh = k + I + 1. We use the same notation of type A for vertices on 

which the components of x are not zero. 

Let W he a symplectic representation. We prove that HomQ{d]^^^, W) is skew- 
symmetric for every regular indecomposable representation V of type (a), (b) and 
(c). First we observe that the associated to V symmetric weight x have components 
equal to 0, 1 and -1. In particular, x(™i) = ±1 = — x(™s) and x("^i) = 1) —1/ for 
every i G {2, . . . , s — 1}, respectively if m, is a source or a sink. We note that, for 
every Homq {d}^^,^ , W) with V one representation of t3^e (a), (b) and (c), we can 
restrict to the symmetric subquiver of type A which has first vertex mi and last 
vertex and passing through the cr-fixed vertex of Q. Hence it proceeds as done 
for t5qDe A. 

Finally, if V is the middle term of a short exact sequence ^ ^ V ^ V'^ ^ Q, 
with and V'^ one of the representations of t5^e (a), (b) or (c), we have the blocks 
matrix 

HoruQid^.^, ) - ^^^^^^ ^ HomQidy\.) ) ' 

where : — > Pq is the minimal projective presentation of V^, : P^ — > 
Pq is the minimal projective presentation of V'^ and for some B e HomQ{P^, Pq). 
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In general for every blocks matrix we have ( ^ C ) ^ i BAr^ Id 



A 
B C 
obtain 



if A is invertible. Hence using rows operations on HomQ{d]^^^, •), we 



V I Homqid^]^,-) 



HoruQidli^,-) 



So it's enough to prove the skew-symmetry of HomQ{d^^^, •) for F one of repre- 
sentations of tj^e (a), (b) and (c). 

Type D. We prove lemma only for Q = Z)°'^ because for the case Z)^'° it proceeds 
similarly. We consider the following labelling for {JD°'^y: 



Cl C„_3 (7(c„_3) O-(ci) 
O S- O O 9- • 9- O O 9- O 






<7(b) 



We consider again indecomposable representations V e Rep{Q') satisfying prop- 
erty (Op). The other regular indecomposable representations of Rep{Q') satisfying 
property (Op), are extensions of these. 

(a) with 1 < i < j < 2n - 3 or 2 < j < i - 1 < 2n - 4, such that 
WEij-i = Ei^ij; in this case we have Z' = iJ^+i j_i ® Eij. 

(b) E'f^ and E'^. We note that VE'^ = E'( = t+E'^, VE'l = E'^ = t+E'( and the 
respective Z' are 

lK-2 ....>. TK-2 TK-2 ....>. Tif2 



CM (11)^ ^CM (10) 

^ ' IK- 



where linear maps defined on Cj, with 1 < i < n — 3, are identity maps. 

(c) V(o,i) and V(i,i); respectively Z' = E^"^ e -Eo,2„-6 and Z' = El® E2n-&,o 
where E\ and E'^~^ are the regular indecomposable representations respec- 
tively of dimension ei + h and e„_i + h. 

We consider the following labelling of vertices end arrows for -D°'^: 
1 2n-2 = cr(l) 

a(b) 



3 2n - 3 

b 




2n - 1 = cr(2) 
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and we call Ci_2 the arrow such that tci-2 = «■ 

Let X be the symmetric weight associated to V. We use the same notation of type 
A for vertices from 3 to 2n — 3 on which the components of x are not zero. Suppose 
that 1 and 2 are source (the other cases are similar). We check when HomQ{d^i^, •) 
is skew-symmetric, for V of type (a), (b) and (c) 

(a) Let V be one of representation of type (a). We note that either = = 
X(2) or x(l) ^ ^ x(2). If x(l) = = x(2), then we have x("ii) - ±1 = 
— x(tos) and x("^i) = 1,-1, for every i e {2, . . . , s — 1}, respectively if rm is 
a source or a sink. Hence it proceeds as in type A. If x(l) 7^ 7^ x(2) then 
— x(2'^ ~ 2) = x(l) = 1 = x(2) = — x(2?^ ~ 1 and we have x("^i) = li ^1/ for 
every i e {1, . . . , s}, respectively if is a source or a sink. Let ii < . . . < it 
be the sources from 3 to 2n — 3 and let ji < . . . < jt be the sinks from 3 to 
2n — 3. We also note that ji < ii < . . . < jt < it- 
is a matrix {t + 2)x{t + 2) whose entries are 





h = t-k and 1 < fc < i - 1 


'^ik,jk 


h = t-k + l and 1 < A: < t 




h ^ t + i and A: = 1 for i = 1,2 




h — 1 and k = t + i for i = 1,2 





otherwise 



where j is oriented path from z to j. 

Finally, as for the type A, we note that Honiq (o?J^j„ , W) is skew-symmetric 
if and only if e SpRep{D^^\ /3). 

(b) Let y be a representation of type (b). We note that if x if the weight asso- 
ciated to Eq, then — x(2n — 2) = x(l) = 1 and x("^i) — Ij ~1/ for every 
i e {1, . . . , s}, respectively if rm is a source or a sink. So we can proceed as 
in t5^e A. 

(c) Let y be a representation of type (c). We use the same notation of part (a) of 
type D. We note that -x(2?i - 2) = x(l) = 1 = x(2) = -x(2" - 1 and we 
have xi'fiT'i) = 2, —2, for every i e {1, . . . , s}, respectively if is a source or 
a sink. 

In the remainder of the proof, we use notation of section IB.5I In this case, 
d^^^ is a blocks {2t + 2) x (2< + 2)-matrix ^ ^ ^ ^ . Here 

(i) Aisa2t X 2t-matrix with 2 x 2-blocks A^.k, defined as follows 

{(-«ifc+ijj-fd2 h - kandl < k < t - 1 
iaik.3k)id2 h ^t- k + landl < k < t 
otherwise. 

(ii) B is a 2 X 2t-matrix, whose entries bh,k are 

{-lY'+'^+^ahj, = l,2andfc = 1,2 
otherwise. 

(iii) C is a 2t X 2-matrix, whose entries Ch.k are 

(-l)''+'''+V(afcjJ /i = l,2andfc = 1,2 
otherwise. 
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Finally, as for the type A, we note that Honiq (dj^j„ , W) is skew-symmetric 
if and only if e SpRep{D°'\ P). 

At last it remains to prove that lemma is true also for every V decomposable rep- 
resentation. But we note that if V ^ Q) V"^, then 

(i) V satisfies property (Op) if and only if and satisfy property (Op); 
This concludes the proof. □ 

1.5 Relations between semi-invariants of (Q, a) and of 

(C(a;,a(a;))(Q),Cr) 

Let {Q, (t) be a symmetric quiver and let x be an admissible sink of (Q, cr). First we 
consider the action of 0(2. ^(1;)) on the weights of semi-invariants 

Lemma 1.5.1. Let {Q, a) be a symmetric quiver and let x he an admissible sink-source of 
Q. If X — {a, •) — J2xeQ'' ^2^'" ^ weight for some dimension vector a (see definition 
[TilD , then 

~x(x) y = x 

-x{(^{x)) y^(y{x) 
x{y) + bx,yx{x) y^Q^U {x} (123) 
X{y) + ba(x),yX{x) y ^QqU {cr{x)} 
otherwise, 



iC(x,a(x))X)iy) = < 



where bx,y is the number of arrows linking x and y. 

Proof. First we note that, by definition, xiy) — for every y £ Qq. 
(i) U y — X, then y ^ Qq and 

{c(x,aix))X){x) = {ci^x,cr{x))a){x) = ^ a{ta) - a{x) ^ -x{x) ■ 



Similarly one proves the case y = cr{x). 

(ii) If J/ = ia ^ Qq U {x} such that ha ^ x in Q, then y — hc(^x,a{x))0, such that 
tc(x,cr{x))a ^ xin C(^x,a{x))Q and 

{c(x,a(x))X){y) = 

ic{x,a(x))a)iy) - X! ici^x,aix))a)ita) - ^ (c(^_„(^))a)(a;) = 

"e'=(a=,<r(x))Ql- "e'=(a=,<r(a:))Ql- 
ha = y and taj^x ha = y and ta=x 

"(y) - X! + X! ^ X! "'^^"^^ " 

aEQi: aeQ^: a^Qi: 

ha=y ha=x ha=x 

x{y) + bx.^yX{x)- 

Similarly one proves the case y = ha{a) ^ Qq U {(t{x)} such that ta{a) = x 
in Q. 
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(iii) Finally we have to consider y such that there are no arrows linking y and x 
(i.e. bx^y — 0) and no arrows linking y and a{x). In this case 



{c{x,a{x))X){v) 



{C(x,a(x))a){y) 



X! {c(x.a(x))a){ta) 



ha = y 



- a{ta) = 



ha = y 



x{y)- 



Similarly one proves for 17(2:). □ 

Next we study the relation between SpSI{Q,a) and SpSI{c(^x,cr(x))Q,C(^x,cr{x))Oi) 
(respectively between OSI{Q, a) and 
OSI{c(^x,a-{x))Qi C(2;.(t(2;))«)) with the following lemmas 

Lemma 1.5.2. Let {Q, a) he a symmetric quiver, let xhea sink and let a he the dimension 
vector of a symplectic representation. 

(i) IfV£ Rep{Q) is indecomposable, not projective, such that C^^ a{x))^ P^^' 

jective and ( dim V, a) ~ 0,then e SpSI{Q,a) and c'"(^-''^''i^^ £ SpSI{c(^x.cr(x))Q,C(^x.a(x))(^)- 

(ii) IfV~Sx and {dimSx,C(^x,a-(x))Oi) ~ 0, then c^" and ■^<'<^' in 
SpSI{c(^x,a(x))Q, C(^x,tT(x))Oi), where Sx and Scr(x) oire considered as representation 
of C(^x.ct(x))Q> but c^" and are zero for Q. Moreover c^" = (f ■S'^c^). 

(iii) IfV = C^Sx and (dimC^ S-r.a) = 0, then we have c'^"'^- , c'^-(-) e SpSI{Q, a) 
hut they are zero for C(x,cr(x))Q- Moreover c"^"<^) = 

Lemma 1.5.3. Let {Q, a) be a symmetric quiver, let x be a sink and let a he the vector 
dimension of an orthogonal representation. 

(i) If V £ Rep{Q) is indecomposable, not projective and such that C^^ <j(x))^ 
not projective and ( dim V. a) = 0, then e OSI{Q,a) and (p('^.<'('^))^ g 

OSl{c(x,a(x))Q^ C{^x,a{x))Oi). 

(ii) If V = Sx and ( dim Sx. C(.r „M\a) — 0, then we have c^" and '^■'(^' in 
OSI{c(^x,cr{x))Q,C(^x,(T{x))Ct), where Sx and S„(^x) considered as representation 
of C(^x,a{x))Qr but c^"' and (P ^"(''^ are zero for Q. Moreover c^" — ■S'.^c^). 

(iii) IfV ^ C^Sx and (dimC~S^,a) = 0, then we have s^, ^^s„(^) ^ OSI{Q,a) 
hut they are zero for C(x.cr(x))Q- Moreover c'^"'^' — 

We prove only lemma [1.5.2l because the proof of lemma [1.5.3l is similar. 
Proof. First of all we note that if x is an admissible sink, then S^i^x) 7^ VS'cr(a;) 
andC"^!: ^ T^WC^ Sx and so, by lemma ll.4.6[ we can not define both v f '^■^(^) and 
pjc j|.'g gj-iough to prove the first one because, by lemma |B.3.9[ t^S/C^Sx — 
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t-Vt-S^ = Vt+t-S^ = VS^ = S'^(^). If S'„(^) = r-VS'^(^), by theorem Eni] 
there exists an almost split sequence 

— ^ V5,(,) ^S^^Z^ 0. (1.24) 

[1 if T/ X frfx) 

Hence ( dim Z),, = q otherwise ^^'^ ^° either Z = S'j; ® <S'cr(2;) which is an 

absurd because (|1.24|l would be a split sequence, or Z is indecomposable and thus 
there is an arrow a{x) — > x which is not possible since x is an admissible sink. 

We recall that {^mSa(x))y = | o otherwise^ ' ^ "'^^^^ ^^^"^ ^ ^ 

and, by theorem IB. 1.91 that ( dim C^ S^. a) — —(a. dim S^). So, for a dimension 
vector a of a symplectic (respectively orthogonal) representation, ( dim S„M , a) — 
<^a(x)-Y.aeQi:ha=x(^'y{ta) ^ Oi=c-J2aeQi:ha=x ^^ta = {a, dimSx) = ~ {dmC- , a) . 
Similarly we have { dim S^ , C( „M\a) — — ( dim C~ S„m . „(^\\a) . Hence, since 
a; is a sink of Q and (j{x) is a sink of C(x.(t(x))Q/ it's enough to apply lemma IB. 6. II 
to both Q and C(^x,cr{x))Q- Finally T^VS'cr(a;) — t^Sx = C^S^ and t^VC^5ct(2.) = 
T~T+VS'^(^) = ^a;, so, by lemma ll.4.4l c^- = c'^^s^cx) and C^-*-) = c'^"'^-. □ 

We observe that, by proposition |1.3.9l r^W ~ V if and only if VC^+ cr{x))^ ~ 
^{x (t(.t))^' a be a symmetric dimension vector. We recall that ay = C(^x.ij{x))Cty 
for every y 7^ a;, cr(a;) and (c(^^^(^))a):, = T.a&Qv.ha=x'^ta-ax = EaGQi:/ia=a; "<T(ta)- 
oicrix) = {c{x,a{x))Ct)(j{x)> SO we consider three cases. 

(i) 7^ 7^ Y.aeQv.ha=x ^ta, 1-6. (dimS„f^^) . a) ^ and {dimSx, C(x,a(x))a) ^ 0. 

(ii) = 7^ I]aeQi:ha=2; i'^- ( dim S „i^^) , o) 7^ and ( dim S-r, C(^x,a{xy)a) = 0. 

(iii) 7^ = EaeQuha^j; i-*^- (dimS„i^^ya) = and (dimS^., C(x,a(x))(^) 0. 

We note that Q = a.^ = '^aeQi-ha=x °'ta is not possible, unless ata = for every a 
such that ha = X. 

Propositiori 1.5.4. Let (Q, a) be a symmetric quiver. Let a be a symmetric dimension 
vector, X be an admissible sink and ip^^^ be as defined in lemma \T73.14\ 
Then <^fPj(c^) = c'^c-.-c-))^ and (f^^aipf^) = where V and W are inde- 

composables ofQ such that ( dim V, a) = = ( dim W. a) and W satisfies property (Op). 
In particular 

(i) ifO = ax^ Ea^Q,:ha=x ^ta, thcU (^^x^^y^C^^) = 0; 

(ii) ifO ^ax= EaeQr.ha^x ^ta, thcU Pjc^"<==' ) = 0. 

Proof. We consider the same notation of proof of lemma 11.3.141 If x is an ad- 
missible sink of (Q, cr), then we have 

^(xMx))^^ ^ Hom(V\W)) = Cl^ „^^^))(SpRep(c^x^oix))Q.c^x^,j{x))a)) = 

SpRep(Q, a) = Z X Hom(W, V). 

So, by definition, 

'^(x,aix))\ziSpRep(ci^^^al^^y-,Q,C(^x,a(x))a)) = Z 
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and 

C(x,a{x))\Horn{V\W){SpRep{c^^^„^^)-^Q,Ci^^^^(^^y)a)) = Hom{W,V). 

Now ^^^^^ induces a ring morphism 

(j)lP^:K[SpRep{Q,a)] — > ^[SpRep{c(x,a(x))Q,C(^^,a(x))a)] 

By proof of lemma [l.3.14[ we note that 

is isomorphic by ip^P^ to K[Z x Hom{V', vt/)]S'S'p(c(.,„(.))Q,c(,,„(,))a)^ Hence (^f^^ = 
4'xfa\spSi{Q,a} and so for every representation Z of dimension vector a of {Q,cr) 
we have 

= (c'' ° = ^'■(^) (1-25) 

and 

^f!L(p/^)(C^(t,.(.))^) = (P/'^ ° ^(;,.(.)))(^^(!.,.(.))^) = Pf^iZ)- (1.26) 

By lemma |B311 and \E52\ we have c^(Z) = A • c'^S -(-))^(C+ ^(^))^), for some 

A e K. So, by (11.251 , (p'^P^ sends to c'~^(=". ^ up to a constant in K. Similarly for 
pf^. Finally (i) and fnj follow by lemma [T32l □ 

Proposition 1.5.5. Let (Q, a) be a symmetric quiver. Let a be a symmetric dimension 
vector, X he an admissible sink and ip'^_^ he as defined in lemma \T73.14\ 
Then (^^^^^(c^) = c'^(-.-(-))^ and fx,a{pf^) = p/*^*---'-))^, where V and W are inde- 
composables ofQ such that ( dim V,a) = = ( dim W, a) and W satisfies property (Spp). 
In particular 

(i) ifO = ax^ Y.aeQ^:ha=x ^ta, then {vl^)-\c^^) = 0; 

(ii) ifO ^ax = 'ZaeQr.ha=x ^ta, then ^^_^(c^'(=)) - 0. 
Proof. It is similar to that one of proposition |1.5.4l □ 

By previous propositions and by lemma [T.3.14l it follows that if the conjectures ll.2.11 
and ll.2.2l are true for a symmetric quiver {Q, a), then they are true for {c(^x,a(x))Q, o")- 

1.6 Composition lemmas 

We conclude this chapter with general lemmas which will be useful in our proofs. 
Lemma 1.6.1. Let 

(Q, cr) : • • • y .X z • • • a{z) ^ a{x) cr(y) • • • 

be a symmetric quiver. Assume the underlying quiver with n vertices. Also assume there 
exist only two arrows in incident to x & Q^, a : y ^ x and b : x ^ z with 



33 



y,z £ Qq U Qq. Let V be an orthogonal or symplectic representation with symmetric 
dimension vector (ai, . . . , a„) = a such that > max{ay,az}. 
We define the symmetric quiver Q' — ((Qq, Q'^), cr) with n — 2 vertices such that Qq = 
Qq \ {x, a{x)} and Q\ = Qi \ {a, 6, (T(a), cr(5)} U {5a, a{a)a{hy\, i.e. 

„, 6a , . (j(a)(y{h) 

Q:---y — >z---a{z) — > cr(y) • • • , 

and let a' be the dimension ofV restricted to Q'. 
We have: 

(Sp) Assume V symplectic. Then 

(a) if ax > max{ay, az} then SpSI{Q, a) = SpSI{Q' , a'), 

(b) if ax ^ay>az then SpSI{Q, a) = SpSI{Q', a')[detV{a)], 
(V) if ax ^az>ay then SpSI{Q, a) = SpSI{Q', a')[detV{b)], 

(c) if ax = ay = az then SpSI{Q, a) = SpSI{Q', a')[detV{a),detV{b)]. 

(O) Assume V orthogonal. Then 

(a) if ax > max{ay,az} then OSI{Q,a) = OSI{Q' ,a'), 

(b) if ax ^ay>az then OSI{Q,a) = OSI{Q\a')[detV{a)], 
(V) if ax ^az>ay then OSI{Q,a) = OSI{Q\a')[detV{b)], 

(c) if ax ^ay^az then OSI{Q, a) = OSI{Q', a')[detV{a), detV{b)]. 

Proof. We use the notation of section lAlT] 
(Sp) Using Cauchy formula (theorem |A.1.9t we have 



SSp(Q,a) 



SpSIiQ, a) = 



(g) iSxic)Vtc ® ^A<c)V,*J ® (g) S^^,i^Vm 



. A:Q+^A CGQ+ \deQ1 , . 



where A is the set of all partitions and ERK is the set of the partitions with even 
rows. 

(a) If ttx > max{ay,az}, by theorem lA.1.81 

Sx{a)V* = <5'(0,...,0,-A(a)„ -A(a)i)K, 



where A(a) = (A(a)i, . . . , X{a)ay). By proposition |A.2.8[ A(a) and A(6) have to 
satisfy the following equations 

X{b)i - A(6).,+i =0, i e {ay + 1, . . . ,ax - 1} 

Kb)ay-i - Kb)ay-i+i = Ka)ay-i - Ha)ay-i+i: i e {1, . . . , ay - 1}. 

(1.27) 

We call X{b)i = fc > for every i e {ay + 1, . . . , ax} and so 

\{b) = (A(fe)i, . . . , A(&)„J = (A(a)i +k,..., X{a)^y +k,k,...,k). 



34 



Now, by theorem IATSI Sx{b)V* = unless ht{X{b)) < a^. If cty < ckz, then 

Sx{b)V; = unless A(5)„^+i = A(6)„^ = 0,i.e. k = 0,so A(&) = (A(a)i, . . . , A(a)a^ , 0^^^^^) 

A(a). If az < dy, then Sx^^y^V* = unless A(6)q,^+i = . . . = \{b)a^ = 0, i.e. fc = 
and X{a)a^+i = . . . = A(a)„^ = 0, so A(6) = A(a) again. 

So let A(a) = A(6) = A. By proposition IA.2.81 S^V* ® S^Vx contains a semi- 
invariant of weight zero, which is hence a GL(ViE)-invariant. Since V* ®Vx® 
V* ®Vz = Vx" ® iyxT' and since S^V; ® S'xK is a s umma nd in the Cauchy 
formula of K[y"'' ® (K*)""]' using FFT for GL (theorem lAXl we obtain SLiy) 

\{a)^x ® 'S'a(6)1 



acts trivially on S-^* ® S-^Vx and so (Sx{a)Vx ® Sx{b)Vxf^ = K. So we have 



SpSI{Q,a) ^ SpSI{Q',a'). 
(b) If ax = ay > a{z), by theorem |A.1.8[ 

S\ia)V* = 5'(„A(a)„„=„,,...,-A(a)i)^a:. 

By proposition |A!2.8[ X(a] and A(6) have to satisfy A(a)i — A(ai4.i) = A(6)i — A(5)i+i 
for every i e {1, . . . , ax} and moreover S'A(fc) V^,* = unless ht{X{b)) < az < ax- 
Hence we have 



X{b)i = i e {az+i, . . . ,ax} 

X{a)i - A(a)i+i = X{b)i - X{b)i+i i e {1, . . . ,ax - 1} 



(1.28) 



and thus 



X{a)i - X{a)i+i = A(6)j - A(6)j+i i € {1, . . . , - 1} 
X{a)^^ = A(a)„,+i + A(6)a, (1.29) 
X{a)i = A(a)i+i ? e {a^ + 1, . . . , - 1}. 

Hence A (a) contains a column of length ax — ay for some /c G N, so we have A (a) = 
(A(6)i + fc, . . . , A(6)a, +k,k,...,k) then 5A(a)V; ® ^A(a)14* = Sxib)Vy (g, (A"" ■K,)'' ® 
(A"' V;*)fc ^ 5-^(6)1/*. Now (A"" Vy)'' «) (A"^ V* f is spanned by (det ^(a))^ So 
we have a semi-invariant / of the form {detV{a))'' f where /' is of weight zero, 
hence using theorem FFT for GL dA. 2.311 as before and by lemma lA.2.11 we have 

SpSI{Q,a) = SpSI{Q',a')[detV{a)]. 

In the similar way we prove (b'). 

(c) If a{x) — a{y) — a{z), by theorem rA.1.81 



and 



Sx{a)yx - 5'(-A(a)<,j, = „^,...,~A(a)i)K 



^m'^* = '5'(-A(fc)„,=„,,...,-A(6)i)V;, 



where A (a) = (A(a)i, . . . , A(a)Qj^) and A(6) ~ (A(6)i, . . . , A(6)q^). By proposition 
IA.2.81 A (a) and A (6) have to satisfy the following equations 

A(a),_i - A(a), = A(5),_i - A(6), (1.30) 

for every i g {2, . . . ,ax = ay}. Thus X{a)i = X{b)i — X{b)a^ + X{a)a^ for every 
i €{!,... , ax}- Hence if we set A(6)q^ = h and X{a)a^ = k we have 

X(a), ^ X(b)i - h + k (1.31) 
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for every « e {1, . . . , ax}- So in our case A(a) = {X{b) — (/i""^)) + and A(6) = 

(A(a) - (/c"-)) + (/i"-). We call A(6) - (/i"-) = A(6)' and A(a) - (A:"==) = A(a)' and 
we note that A(a)' = A(6)' by the system | [T3T] |. Then 5'A(a) V'y « ^'^(a)^* "^i 5^(6)^ «> 
Sxib)V: = SxibyVy® < (detVia))'' > ^Sx^tyV: ® Sx^ayV^® < {detV{b)f > 
®Sx{aYV*. So we have a semi-invariant / of the form [detV {a))^ [detV {b))^ f 
where /' is of weight zero, hence using theorem FFT for GL | |A.2.3t as before and 
by lemma PV. 2. 11 we have 

SpSI{Q,a) ^ SpSI{Q',a')[detV{a),detV{b)]. 

(O) Using Cauchy formula we have 

X SO(Q,a) 



( 



OSI{Q,a) = 



where A is the set of all partitions and ECk is the set of the partitions with even 
columns. The rest of the proof is similar of the symplectic case. □ 

Lemma 1.6.2. Let (Q, a) he a symmetric quiver with n vertices such that there exist only 
two arrows a and b incident to the vertex x in Qo and b is fixed by a, i.e. 

Q : ---y ^ X a{x) ^ a{y) ■ ■ ■ 

Let 

v:---v,mvj-nvr'^'^v;--- 

he an orthogonal or symplectic representation of {Q, a) with dim V = a such that > 
ay. Moreover define the symmetric quiver {Q' , a) = {{Q'q, Q[), a) with n — 2 vertices 
such that Q'q ~ Qo \ {x, <y{x)} and Q[ = Qi \ {a, b, cr(a)} U {a{a)ba}, i.e 

I (j{a)ba 

Q : •••y — > <7{y)--- . 

Let a' be the dimension ofV restricted to Q'. 
(Sp) If V is symplectic, then 

(i) ax > ay => SpSI{Q,a) = SpSI{Q',a')[detV{b)] 

(ii) ax = ay =^ SpSI{Q,a) = SpSI{Q',a')[detV{a)]. 

(O) If V is orthogonal, then 

(i) ax > ay and Ux is even =^ OSI{Q, a) = OSI{Q\ a')[pfV{b)] 

(ii) ax^ay=> OSI{Q,a) = OSI{Q' , a')[detV{a)]. 

Proof. We consider again the Cauchy formulas. 

(Sp)liay < g^.by proposition lA.2.8[ Afa) and X(b) have to satisfy A(a\-i —X(a)i = 
X{b)i-i - X{b)i for every i e {2, . . . , ay}, 
(i) Let ay < ax, we have 

Sxia)Vx = '5'(0,...,0 -A(a)„^,...,-A(a)i)K; 
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and so 

m = ('A(a)i,...,A(a)„„,0,...,d) + {2k^^^), 

for some k e Z>o and with X{a)i even for every i. Then S'A(6)Vi = 

Sxia)V* ® ^A(a)14 ® (A"^ Now (A"^ is Spanned by (dei So we 

have a semi-invariant / of the form {detV{h))^ f where /' is of weight zero, hence 
using theorem FFT for GL | |A. 2.31 1 as before and by lemma lA.2.1i we have 

SpSI{Q,a) = SpSI{Q',a')[det V(b)]. 

(ii) If ax = ay, the proof is similar to the part (b) of lemma [l.6.1l 

(O) If ay < ax, by proposition lAXHl {Sx(a)V; ® Sx(b)Vx)'^^^'^'''^ 7^ if and only 
if A(a)j_i - \{a)i = A(fe)i_i - \{b)i for every z e {2, . . . , ay}. 
Now the proof is similar to the symplectic case, recalling that V{h), in this case, is 
skew-symmetric, so we can define pf V{h). □ 



37 



Chapter 2 



Semi-invariants of symmetric 
quivers of finite type 



In this chapter we prove conjectures 11.2.11 and 11.2.21 for the symmetric quivers of 
finite type. We recall that, by theorem 1 1.1. 121 a symmetric quiver of finite type has 
the underlying quiver of type An- Throughout this chapter we enumerate vertices 
with 1, . . . ,n from left to right and we call ai the arrow with i on the left and i + 1 
on the right; moreover we define a by a{i) = n — i + 1, for every i e {1, . . . , n}, 
and a{ai) — Qn^i, for every i e {1, . . . , n — 1}. 

First we prove a lemma valid for Q = An, which is a particular case of lemma 



Lemma 2.0.3. Let {An, a) be a symmetric quiver of type A. Let V e Rep{Q) such that 
V = T~W and let W a self dual representation such that ( dim V, dim W)=0, then we 
have the following. 

(i) Ifn is even, dy^ is skew-symmetric if and only ifW€ ORep{Q, dim W). 

(ii) Ifn is odd dyr is skew-symmetric if and only ifW e SvReviQ, dim W). 

Proof. It checked in the proof of lemma [1.4.61 □ 

By proof of lemma [1.4. 6 1 we noted also that an indecomposable representation V 
of An satisfies property (Spp) if n is even and it satisfies property (Op) if n is odd. 
The conjectures ll.2.1l and ll.2.2l for symmetric quivers of finite type become 

Theorem 2.0.4. Let {Q, a) be a symmetric quiver of finite type. Let a be the dimension 
vector of a symplectic representation. Then SpSI{Q,a) is generated by the following 
semi-invariants. 

(n even) with V indecomposable in Rep{Q) such that ( dim V. a) = 0. 

(n odd) (i) with V indecomposable in Rep{Q) such that { dim V, a) = 0; 
(m) p/^ with V e Rep{Q) such that V = tS/V. 

Theorem 2.0.5. Let (Q, u) be a symmetric quiver of finite type. Let a be the dimension 
vector of an orthogonal representation. Then OSI{Q,a) is generated by the following 
semi-invariants. 




MM 
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(n odd) with V indecomposable in Rep{Q) such that ( dim V. a) = 0. 

(n even) (i) with V indecomposable in Rep{Q) such that {dimV, a) — 0; 
(m) pf^ with V e Rep{Q) such that V = t^VV. 

By proposition 11 .3.41 and by propositions II .5 .4] and 1 1 . 5 .51 it's enough to study 
the equioriented case, i.e. the case in which all the arrows have orientation from 
left to right. 

Lemma 2.0.6. Let {Q,cr) be a symmetric quiver of finite type. Then SpSI{Q, /3) and 
OSI{Q, (3) are polynomial rings, for every symmetric dimension vector (3. 

Proof. Since the isomorphism classes of /3-dimensional symplectic (resp. or- 
thogonal) representations of {Q, cr) correspond to the orbits of the action of Sp{Q, (3) 
(resp. of 0(Q, (3)) on SpRep{Q, (3) (resp. on ORep{Q, /?)), then lemma follows by 
definition of symmetric quiver finite type and by lemma P^.2.51 □ 



2.1 Equioriented symmetric quivers of finite type 

In this section we state and prove case by case theorems 12.0.41 and 12 . . 5 1 for equior- 
iented case. Throughout this section we call Vj^i the indecomposable of An with 
dimension vector 

, , f 1 if j < fc < i 
{^3,^)k - \ Otherwise. 



2.1.1 The symplectic case for 

We rewrite theorem 12 . . 41 in the following way 

Theorem 2.1.1. Let {Q, a) be an equioriented symmetric quiver of type and let a be 

the dimension vector of a symplectic representation of {Q,a). 

Then SpSI{Q, a) is generated by the following indecomposable semi-invariants: 

(i) c^J' of weight ( dim Vj ■) for every I < j < i < 1 such that ( dim Vj i.a) = 0, 

(ii) c^i.^'^-i of weight ( dim Vj ?.„-i. ■) for every i e {1, . . . , n}. 

The result follows from the following statement 
Theorem 2.1.2. Let {Q, a) be an equioriented symmetric quiver of type A2n, where 

= : 1 ^ 2 • • • 71 ^ 71 + 1 • • • 2n - 1 27i, 

cr(i) = 2n — 1 + 1 and a{ai) ~ a2n-ifor every i e {1, . . . , ?i} and let V be a symplectic 
representation, dim (V) — {ai, . . . , Q!„) — a. 

Then SpSI{Q, a) is generated by the following indecomposable semi-invariants: 

(i) det{V{at) ■ ■ ■ V{aj)) with j < i G {1, . . . , ri - 1} if min{aj+i, . . . , at} > Uj = 

(ii) det{V{a2n-i) ■ ■ ■ ^(fli)) with i e {1, . . . , ri} ifmin{ai+i, an} > a^. 
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Proof. First we recall that if is a symplectic representation of dimension 
a = {ai , . . . , a„) of a symmetric quiver of type A2n, then we have 

n-l 

SpRepiQ, a) = V{ta^)* ® V{ha,) ® 
We proceed by induction on n. For n = 1 we have the symplectic representation 

where Vi is a vector space of dimension a and V{a) is a linear map such that 

V{a) = V{aY. So 

SpRepiQ, a) = S^V{ 

and by theorem |A.1.9l 



SpSI{Q,a)^ iSxVi)' 



\SLiVi) 
XeEBA 

where ERA is the set of the partitions with even rows. By proposition I A .2 . 7| and 



since A G ERA, SpSI{Q, a) 7^ if and only if A = (2fc, . . . , 2k) for some k e Z>o 
and we have that (S'aVi)'^^'^^^^ is generated by a semi-invariant of weight 2k. Since 
g'' ■ detV{a) = det{{g*)''V{a)g'') = {det gf^ detV {a) for every 5 e GL(y),wenote 
that V{a) e S2V^ i-> {detV{a)Y is a semi-invariant of weight 2fc. So {detV{a))'^ is 
a generator of {SxVif^^^^^ and thus SpSI{Q, a) ^ K [detV{a)]. 
Now we prove the induction step. By theorem lA.1.9l we obtain 

SpSIiQ,a)= {K[X]f'''^''^ = 

(5A(a,)T4)^^(^^^ ® (5A(a,)^2* ® ^2 ) ^^^^^^ 

A(aT^)GBi?.A 

where 5L(y) = 5L(Vi) x • • • x SL{Vn). We suppose that there exists i £ {1, . . . , n- 
2} such that ai < • • • < > By lemma [1.6. 1[ 

SpSI{Q,a) = 5p5/(Q\ai) 

where is the smaller quiver 1 — > 2 ■ ■ - i— 1 — > i + l- --2n — i + 1 — > 2n — i + 
3 • • • 2?! — 1 — > 2n and is the restriction of a in Q^. 

If i does't exist, we have ai < ■ ■ ■ < a„_i. So, by lemma ll.6.1[ we have the 
generators det V{ai) = det V{a{ai)) if ai = a.i+i, \ < i < n — 2. 
We note that, by proposition I A. 2 . 7l 

(11 

A(ai) = {ki, . . . , fci) 

is a rectangle with fci columns of height ai, for some fci £ Z>o. Since ai < • • • < 
ttji-i/ by proposition ! A .2 . 8l we obtain that there exist /ci , . . . , fc„_i e Z>o such that 



X{ai) = (fci H 1- fci, . . . , fci H h fci, 



, fvj , . . . , n,^ y , 
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for every i e {1, . . . , n — 1}. We also know that A„ must have even rows. If 
Ctrl — ctj < CKj+i < • • • < for some j G {1, ... ,n — 1} then Sx„_iV* = 

unless fc„_i + • • • + fcj+i ~ 0, so A(a„_i) = • • • = A(aj+i) = A(aj). By proposition 
lATHl (5A(,„_,)Kr ® ^A(a„)K)^^(^") = (^A(a,)V;r ® 5a(,„ ) K )^^(^") contains a 
semi-invariant if and only if 

ai Oln-OLj-l 
, ^ , ^ 

A(a„) = (/c„ + fcj_i H h fci, . . . , fc„ + kj^i H h fci, . . . , fc„, . . . , 

but kn + fcj_i + • • • + fci, fc„ + fcj_i + • • • + ^2, . . . , fc,i have to be even and then 
k„, fcj_i, . . . , fci have to be even. As before, by lemma [1.6.1[ we can consider the 
smaller quiver : 1 — > 2 • • • j — > n — > n + 1 — > 2n — j + 1 ■ ■ ■ 2n — 1 — > 2n 
and then 

SpSI{Q,a) SpSI{Q^,a^) = 

Now to complete the proof it's enough to find the generators of SpSI{Q^, a^) for 
an = aj < Uj+i < ■ ■ ■ < an-i- 

(a) By proposition [AMI for every / e iSx^a,_,)VC (E> Sx^Vif''^'''^ 
is generated by a semi-invariant of weight (0, . . . , 0, fc;, 0, . . . , 0) where ki = 
2h with h e Z>o, is l-th component. Since g'^ ■ det{V{a2n-i) ■ ■ ■ V{o-i)) = 

det{{g-l^fV{a2n-i) ■ ■ ■ V{ai){gi)'') = det{{gl)''V{a2n-i) ■ ■ ■ V{ai){gi)'') = {det gi)^''det{V{a2„-i) ■ ■ ■ V{ai 
forevery^ = {gijieQo ^ GL(F), we note that y(a2r!-i) • • • V{ai) e SpSI{Q,a) ^ 
{det{V{a2n-i) ■ ■ ■ y{ai)))'^ is a semi-invariant of weight (0, . . . , 0, fc;, 0, . . . , 0), 
so it generates 

{SMa,_ ,)Vi* ® Sxia,)Vi)-'''^''''>- Now X{ai) = A(ai_i) + (fcf') hence, using 
lemma lX.2. II det{V{a2n-i) ■ ■ ■ ^(a;)) is a generator of SpSI{Q, a). 

(b) In the summand of SpSI{Q, a) indexed by the families of partitions in which 

aj —an 

A(aj) = ('fc~'?^),withfc, e Z>o,wehavethat(5A(,^)V^,)^^(^:')®(5A(,^)Kr)^^(^"^ 
is generated by a semi-invariant of weight 

(0, . . . , 0, fcj, 0, . . . , 0, — fcj) where kj and —kj are respectively the j-th and the 
n-th component and we note, as before, that {det{V{an-i) ■ ■ ■ V{aj)))''^ is a 
semi-invariant of weight (0, . . . , 0, fcj, 0, . . . , 0, —kj). Since A(aj) A(aj_i) + 
(fc"'~""), det{V{an-i) ■ ■ ■ V{aj)) is a generator of SpSI{Q, a); 

(c) in the summand of SpSI{Q, a) indexed by the families of partitions in which 

A(a„) ^ {kn,..., kn) with /c„ e 2Z>o, we note again that iSx(a„)Vn)^^'^^"^ is 
generated by (det(y (a„)))''" of weight (0, . . . , 0, fc„) where n-th component 
kn is even. Since A(a„) — A(aj_i) + (fc""), det{V{an)) is a generator of 
SpSIiQ,a). □ 

Proof theorem \2.1.1\ First we note that det(F(ai) ••• F(aj)) = det{Vj -> V^+i) = 
c^i.i{y) and aj — a^+i is equivalent to { dim. Vj i. dim V) = 0. We recall, in fact, 
that the definition of c^^ * doesn't depend to the choose of projective resolution of 
Vj,i. If we consider the minimal projective resolution of Vj^i, we have 

O^Pi+1 -^'Pj^V.^^^O 
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and applying the _ff om-functor we have 

Hom{ai ■■■aj,V): Hom{P^,V) = V, ^("zll^"-^) y.^^ ^ Hom{P.,+i,V). 

In the same way one proves that det{V{a2n-i) ■ ■ ■ y{ai)) = det{Vi, — !• V2„-i+i = 
V*) = c^i.^"-i (V), but in this case, since dim V = dim WV, we have ai — a2n-i+i 
and so ( dim Vi 9,n^i, dim V) = for every i E {1, . . . , n}. Moreover we note that 

(i) c^^— {V) - c^:-- (V), by lemmalUa since VV, , - 1^2«-^2„-j; 

(ii) for every j e {1, . . . , n — 1} and for every i £ {n + 1, . . . , 2n — 1} \ {2n — j} 
there exists j < k e — 1} such that 2n — k — i and so c^^-' {V) = 

Now, using theorem 12. 1.21 we obtain the statement of the theorem. □ 

2.1.2 The orthogonal case for 

We rewrite theorem l2.0.5l in the following way 

Theorem 2.1.3. Let {Q, a) be an equioriented symmetric quiver of type and let a be 

the dimension vector of an orthogonal representation of {Q,cr). 

Then OSI{Q, a) is generated by the following indecomposable semi-invariants: 

(i) c^^-' of weight ( dim Vj j, ■) for every I < j < i < n—l such that ( dim Vj i.a) — 0, 

(ii) pf^i.^^-i of weight i^^syi^s—iiiL jgy every i e {1, . . . , n} such that ai is even. 
The result follows from the following statement 

Theorem 2.1.4. Let (Q, a) be an equioriented symmetric quiver of type A2n, where 

Q = ^,7 : 1 ^ 2 • • • n ^ n + 1 • • • 2n - 1 2n, 

a{i) — 2n — i + 1 and a(ai) = a2n--ifor every i G {1, . . . , n} and let V be an orthogonal 
representation, dim (V) = (ai, . . . , «„) = a. 

Then OSI{Q, a) is generated by the following indecomposable semi-invariants: 

(i) det{V(ai) ■ ■ ■ V(aj)) with j < i G {1, . . . , ri — 1} if min(aj^i, . . . , ai) > aj = 

oii+i; 

(ii) pf{V{a2n-i) ■ ■ ■ y{ai)) with i e {1, . . . , n} ifmin{ai+i,. . . , a„) > a^and ai is 
even. 

Proof. First we recall that if y is a orthogonal representation of dimension 
a = (ai , . . . , a„) of a symmetric quiver of type A2n, then 

ri-l 2 

ORep{Q,a) = ^V(taA* ®V{hai) ® f\V*. 

i=l 

We proceed by induction on n. For n = 1 we have the orthogonal representation 
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where Vi is a vector space of dimension a and V(a) is a linear map such that 

V{a) ^ -V{af. 

2 

and by theorem |A.1.9l 



OSm,a)= (5a ^i)' 



AeSCA 

where with i?CA we denote the set of partitions with even columns. By propo- 



sition |A27] since A e ECk, OSI{Q, a) 7^ if and only if A = {k,...,k) with a 
even, for some k. Since for every g e GL{Vi), g'^ ■ pfV{a) = g'^ ■ ^/detV{a) = 

det{{gt)^V{a)g^) = (det g)V/V"(a), we note that F(a) e ^* '-^ {p.fV{a))>' 



is a semi-invariant of weight k so {5a Vi)'^^^^^^ is generated by the semi-invariant 

(p/ y(a))'= if a is even and OSI{Q, a) = K[pfV{a)]. 

Now we prove the induction step. Let X = ORep{Q, a) and by theorem I A . 1 .91 we 
obtain 

OSIiQ,a) = {K[X]f^^^^ = 

(5A(a,)^l)^^^^^^ ® iSMa,)V; ® 5a(„,)V2)^^(^^)0 

A(ai),...,A(a„_i) a,id 
A(a„)eECA 

• • • ® (5A(a,._i)^n ® 5A(a„)K)'''^^''"\ 

where SL{V) = SL(yi) x • • • x 5L(K)- 

The proof of this theorem is the same of the proof of the theorem l2.1.2l up to when 
we have to consider «„. As in the previous proof we can suppose ai < • • • < a„_i, 
otherwise, by induction, we can reduce to a smaller quiver. 

By lemma [T.6.1[ we have the generators detV{ai) — detV{a{ai)) if ai — ai+i, 
I <i <n-2. 

By proposition |A.2.8l we obtain that there exist fci , . . . , fc„_i e Z>o such that 



A(ai) = (fci H h fci, . . . , fci H h fci, . . . , fcj, . . . , ki), 

for every i G {1, . . . , n — 1}. 

Now we consider the hjrpothesis on A(a„) by which it must have even columns. 
If a„ = aj < aj+i < • • • < ctn-i for some j G {1, . . . , n — 1} then 5A(a„_i)Ki* = 
unless fc„_i + • • • + kj+i = 0, so A(a„_i) = • • • = A(aj+i) = A(aj). By proposition 

\AM (5A(a„_i)K: ^ ^A(a„)^„)^^(''") = (^Ala,)^* ® ^A(a„ ) )^^(''"^ COntainS a 

semi-invariant if and only if 



A(a„) = (kn + fcj-1 H h fci, . . . , fc„ + /cj-i H h fci, . . . , fc„, . . . , fc^), 

but ai, a2 — ai, . . . , a„ — ctj-i have to be even and then ai, . . . , a„ have to 
be even. As before, by lemma [T.6. II we can consider the smaller quiver : I — > 
2 - ■ ■ j — > n — >■ n + 1 — > 2n — j + 1 • • • 2n — 1 — > 2n and then 

OSI{Q,a) = (5a(,,)V^i)^^(^^) ^ • • • (5A(a,_,)^; ® ^A(a,)V^,)^^<''^-^^ 
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(^A(a,)K*®^A(a„)K) 



SL(y„) 



Now to complete the proof it's enough to find the generator of this algebra for 

an = Oij < a-j+i < • • • < a„_i. 

(a) By proposition lAl2.8l for every ^ e {1, . . . , j} such that ai is even, {Sx{a,_i)y*^ 
S'\{ai)Viy^^'"^'^ is generated by a semi-invariant of weight (0, . . . , 0, fc/, 0, . . . , 0) 
where ki e Z>o, is ^-th component. Since g'^ ■ pf{V{a2n-i) ■ ■ ■ ^(o/)) = 
^det{{g;l^^)iV{a2n-i)---V{ai){gi)i)^ 

{detgif pf{V{a2n-i)---V{ai)) iox every g = {g,;},;eQo ^ GL(F), we note 
that V{a2n-i) ■ ■ ■ V{ai) S OSI{Q, a) ^ {pf{V{a2n-i) ■ ■ ■ ^(a;)))"'' is a semi- 
invariant of weight (0, . . . , 0, fci, 0, . . . , 0), so it generates 
(5A(a,_i)^r ® SxiaoVif'^^'^'l Since A(a;) = A(a,_i) + {k^'), 
pf{V{a2n-i) ■ ■ ■ V{ai)) is a generator of OSI{Q, a). 

(b) In the summand of OSI{Q, a) indexed by the families of partitions in which 



A(a,) = . . . , fc,),withfc, e Z>o, we have that (5;,(,^)V^,)^^(^:')(^(5;,(,^)Kr)''^(''"^ 



is generated by a semi-invariant of weight 
(0, . . . , 0, fcj, 0, . . . , 0, — fcj) where kj and —kj are respectively the j-th and the 
n-th component and we note, as before, that {det{V{an-i) ■ ■ ■ V{aj)))''^ is a 
semi-invariant of weight (0, . . . , 0, fcj, 0, . . . , 0, —kj). Since A(aj) — A(aj_i) + 
(fc"'~""), det(F(a„_i) • • • l^(aj)) is a generator of OSI{Q, a); 

(c) in the summand of OSI{Q, a) indexed by the families of partitions in which 



A(a„) = (fc„, . . . , fc„) with fc„ e Z>o,wenote again thatif a„ is even 

is generated by (p/(V^(an)))'^" of weight (0, ... ,0, fc„). Since A(a„) — A(aj_i)+ 

iK")' PfiVian)) is a generator of SpSI{Q, a). □ 

Proof of theorem IZOl By lemma 12.0.31 we can define pf^ if V = t^W, since we 
are dealing with orthogonal case. Moreover we note that Vi^2n-i = VVi^2n-i- 
Hence using the theorem 12. 1.41 the proof is similar to the proof of theorem 12. 1.11 □ 

2.1.3 The symplectic case for A2n+i 

We rewrite theorem 12 .0 .41 in the following way 

Theorem 2.1.5. Let [Q, a) be an equioriented symmetric quiver of type A2n+i and let a 

he the dimension vector of an symplectic representation of {Q, a). 

Then SpSI{Q, a) is generated by the following indecomposable semi-invariants: 

(i) c^^' of weight ( dim Vj j, en+i,uj - for every 1 < j < i < nsuch that ( dim Vj i,a) = 




a. 



0, where 




( dim Vj i. ■){n + 1) if h~n+l 
otherwise, 



(ii) Pf 



of weight 



{dimVi2n+l-i--) 
2 



for every i G {1, . . . , n} such that ai is even. 



The result follows from the following statement 
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Theorem 2.1.6. Let (Q, a) be an equioriented symmetric quiver of type A2n+i, where 
Q : 1 ^ 2 • • • n ^ n + 1 n + 2 • • • 2n ^ 2n + 1, 

a{i) — 2n — i + 2 and a{ai) = a2„-,;+i for every i e {1, . . . ,n + 1} and let V be an 

symplectic representation, dim (V) ~ {ai, . . . , a„+i) = a. 

Then SpSI{Q, a) is generated by the following indecomposable semi-invariants: 

(i) det{V{ai) ■ ■ ■ V{aj)) with j < i € {1, . . . , n + 1} if min{aj+i, . . . , ai) > aj = 

(ii) p/(V"(a2„_i+i) • • • V{ai)) with i e {1, . . . ,n} ifmin{ai+i, . . . , a„+i) > ai and 
Ui is even. 

Proof. First we recall that if y is a symplectic representation of dimension 
a = (ai, . . . , a„+i) of a symmetric quiver of type A2„+i, in the symplectic case, 
Vn+i = V*_^i is a symplectic space, so if Ki+i 7^ then dimVn+i has to be even. 
We proceed by induction on n. For n = 1 we have the symplectic representation 

By theorem lAT9l 

SpSIiQ,a) = 0(^,^1)'''^^''^^ ® {SxV2fP^'''\ 
AeA 

By proposition IA.2.71 and proposition IA.2.91 SpSI{Q,a) 7^ if and only if A = 

ai 

(fc, . . . , fc), for some k, and ht{X) has to be even. If ai > a2 then S\V2 = unless 
A = and in this case SpSI{Q,a) — K. If ai = a2 then ht{X) = ai = a2. For 
every (51,52) G GL{Vi) x Sp{V2), {gu 92^ ■ detV {a) = det[g^)'' det{g^^f detV [a) = 
det{gi)^detV(a), because 52 G Sp{V2) so we note that detV{aY is a semi-invariant 
of weight (A:,0). Hence {SxViY^^^^'^ ® (S'aV^2)^^^^"^ is generated by the semi- 
invariant detV{a)*' , so SpSI{Q, a) — K[detV{a)]. Finally if ai < a2 then ht{X) = 
a\ has to be even. We recall that in the symplectic case —V{afV[a) is skew- 
symmetric. Since for every (51, 52) € G'L(Vl)x<5'j3(V2), (51,52)*'' •p/(-V^(a)*^(a)) = 
{g u92f ■ ^Jdet{~V{a)W{a))^ 

\/det((5D*(-n«)*)(52)*(52"')'(^(«))5?) = (det5i)V/(-V^(«)*T^(«)), wenote 
thatp/(-V^(a)*F(a))'= is a semi-invariant of weight (fc,0) so {Sxyif^^^^'^®{SxV2f'^^^^'' 
is generated by the semi-invariant p/(—V^(a)*y(a))'^ if a\ is even and thus SpSI{Q, a) 
K[pfi-V{aYV{a))]. 

Now we prove the induction step. Let X = SpRep{Q, a) and by theorem |A.1.9| we 
obtain 

SpSIiQ,a) = = 

A(ai),...,A(a„)eA 

• ■ ■ ® (^A(a„_0^n ® ^A(a„)K)^^(^"^ ® (^A(a„ ) K+1 ) ^^^^-^^^ 

where S'S'p(T/) = 5i(Vi) x • • • x SL{Vn) x ^^(K+i)- 

The proof of this theorem is the same of the proof of the theorem l2.1.2l up to when 
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we have to consider Q!„+i. As in the proof of theorem 12.1.21 we can suppose ai < 

■ ■ ■ < ctn, otherwise, by induction, we can reduce to a smaller quiver. 

By lemma [1.6.1[ we have the generators detV{ai) — detV{a{ai)) if ai = ai+i, 
\<i<n-l. 

By proposition lA.2.8[ we obtain that there exist fci , . . . , fc„ e Z>o such that 

, " . , . 

^{.^i) ^ ihi '■' ki ^ . . . , ki -\- ••• -\- ki, . . . , ki, . . . ^ ki^ ^ 
for every i E {1, . . . , n}. 

Now, by proposition lA.2.9l Afa,, ) must have even columns. If = aj < aj+i < 

■ ■ ■ < a„ for some j G {1, . . . , n} then S\(^a„)V,l+i — unless fc„ + • • • + fc^+i — 0, 
so A(a„) = • • • = A(aj+i) — X{aj). As before, by lemma [T.6.11 we can consider the 
smaller quiver : 1 — s- 2 - ■ ■ j — > n + 1 — > 2n — j + 2 • • • 2n — > 2n + 1 and then 

{Sxia,.,)V: $5 ® (2.1) 

where 

ai an+l—aj-i 

, " . , ^ s 

X{aj) — {kj + ■ ■ ■ + ki, . . . ,kj + ■ ■ ■ + ki, . . . , kj, . . . ,kj), 

and ai, a2 — ai, . . . , a^+i — Q^j-i have to be even otherwise, by proposition lA.2.9l 
{Sx(aj)Vn+i)^^^^"'^^^ = 0. Now to Complete the proof it's enough to find the gen- 
erators of the algebra (|2.1t for a„+i = aj < a^+i < • • • < a„. 

(a) By proposition |A.2T8l for every I e {1, . . . , j} suchthat a; is even, (5A(a,_i)VJ*(8) 
Sx{ai)yi)^^'''^''' is generated by a semi-invariant of weight (0, . . . , 0, fc/, 0, . . . , 0) 
where fc; e Z>o, is ^-th component. Since g'' ■ pf{V{a2n-i+i) ■ ■ ■ ^(o/)) = 
^detiig;l^^)^V{a,r,^l+^) ■ ■ ■ V{ai)igi)^) - 

{detgiYpf{V{a2n-i+i) ■ ■ ■ V{ai)) for every g = {gi}ieQa e Sp{V), we note 
that V{a2n-i+i) ■ ■ ■ V{ai) e SpSI{Q,a) ^ {j,f{V{a2n-i+i) ■ ■ ■ V{ai))f^ is a 
semi-invariant of weight (0, . . . , 0, fc;, 0, . . . , 0), so it generates 
{Sx[a,_,)Vi* ® Since A(a;) = A(a;_i) + (fc;)"', then 

pf{V{a2n-i+i) ■ ■ ■ V{ai)) is a generator of SpSI{Q, a). 

(b) In the summand of SpSI{Q, a) indexed by the families of partitions in which 

A(aj) = ('fc~'?^),withfc, e Z>o,wehavethat(5A(a^)V^j)^^(^^)®(5A(,^)K+i)^p(^"+i) 
is generated by a semi-invariant of weight 

(0, . . . , 0, fcj, 0, . . . , 0, 0) where kj is the j-th component and we note, as be- 
fore, that {det{V{an) ■ ■ ■ V{aj)))''^ is a semi-invariant of weight (0, . . . , 0, fc^, 0, . . . , 0, 0). 
Since X{aj) = A(aj_i) + (fc/)"^=""+i, 
det(y{an) ■ ■ ■ V{aj)) is a generator of SpSI{Q, a). □ 

Proof of theorem \TL5\ By lemma |2.0.3[ we can define v if = t^W, since we are 
dealing with symplectic case. Moreover we note that Vi^2n+i-i — VVi^2n+i-i/ 
for every i E {1, . . . ,n} . Hence using the theorem l2.1.6l the proof is similar to the 
proof of theorem 12. 1.1 1 □ 



46 



2.1.4 The orthogonal case for A2n+i 

We rewrite the theorem 12 .0 .51 in the following way 

Theorem 2.1.7. Let {Q, a) be an equioriented symmetric quiver of type A2n+i and let a 

he the dimension vector of an orthogonal representation of{Q, a). 

Then OSI{Q, a) is generated by the following indecomposable semi-invariants: 

(i) c^^-' of weight { dim Vj j, en+i,uj - for every 1 < j < i < nsuch that ( dim Vj i.a) = 
0, where 

/I \ / {dirnVj I, ■){n + 1) if h = n+l 
en+i,v,A'^) -jo otherwise, 

(ii) c^i.2n+i-i of weight ( dim Vi^n+T-i- ■) for every i e {1, . . . , n}. 
The result follows from the following statement 

Theorem 2.1.8. Let {Q, a) be an equioriented symmetric quiver of type A2n+i, where 

a{i) = 2n — i + 2 and a{ai) = a2„-,;+i for every i e {1, . . . , n + 1} and let V be an 

orthogonal representation, dim (V) — {ai, . . . , a„+i) = a. 

Then OSI{Q, a) is generated by the following indecomposable semi-invariants: 

(i) det{V{ai) ■ ■ ■ V{aj)) with j < i G {1, . . . , n + 1} if min{aj^i, . . . , ai) > oij = 

(ii) det(y {a2n-i+\) ■ ■ ■ V"(ai)) with i e {1, . . . ,n} ifmin{ai+i, a„+i) > a^. 

Proof. First we recall that if F is a orthogonal representation of dimension 
a — (ai, . . . , of a symmetric quiver of t5^e ^2,1+1, in the orthogonal case, 

Vn+i = V*^i is a orthogonal space. We proceed by induction on n. For n = 1 we 
have the orthogonal representation 

V, m V2 = v; V* 

where Vi is a vector space of dimension ai, V2 is a orthogonal space of dimension 
a2 and V{a) is a linear map. By theorem |A.1.9l 

OSI{Q,a) = 0(5,^0^^^^^' ® (5aV2)^^(^^). 
AeA 

By proposition IA.2.71 and proposition IA.2.9[ OSI{Q,a) 7^ if and only if A = 

{k, . . . , k), for some k E 2Z. If ai > a2 then S\V2 = unless A = and in this case 
OSI{Q, a) = K. If ai — a2 then ht{X) = ai — a2- For every (31,52) G GL{Vi) x 
SOiV2), (91,92)'' ■ detV{a) = det(gifdet(g:^'^)''detV{a) = det(gi)''detV (a), he- 
cause g2 e SO(V2) so we note that detV(a)'' is a semi-invariant of weight (k, 0). 
Hence {SxVi)^^'^^^ '> (SxV2)^^'^^^^ is generated by the semi-invariant detV(a)'', so 
OSI(Q, a) = K[detV{a)]. Finally if ai < a2 for every (gi, 52) e GL(Vi) x SO(V2), 
igi,g2)''-det(~V(a)'V(a)) = (g^, g2)' ■ det(-V(a)'V(a)) = 

det{{gl)''{-V{a)^){g2)''{g2:^)''(V(a))g'l) = (det gi)''det(~V(a)'^V(a)), we note that 
detl-V(a)*V{a))'' is a seini-invariant of weight (k, 0) so (S'aVi)^'^(^i)0(S'aV"2)^°^^"^ 
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is generated by the semi-invariant det{-V {aYV (a))'' and thus OSI{Q, a) — K[det{~V{aYV{a))]. 

Now we prove the induction step. Let X = ORep{Q, a and by theorem I A. 1 .91 we 

obtain 

OSI{Q,a) = {K[X]f"^^'' = 



A(ai),...,A(a„)eA 

where S'O(y) = SL{Vi) x • • • x ^^(K) x SOiVn+i). 

The proof of this theorem is the same of the proof of the theorem l2.1.2l up to when 
we have to consider As in the proof of theorem 12 . 1 .21 we can suppose ai < 

• • • < cKri/ otherwise, by induction, we can reduce to a smaller quiver. 

By lemma [l.6.1[ we have the generators detV{ai) — detV{a{ai)) if ai = a^+i, 
1 < i < n - 2. 

By proposition I A .2 . 8l we obtain that there exist fci, . . . , fc„ e Z>o such that 

, ^ . , ^ s 

\{ai) = (fci H |-fci,...,fci H hfci,...,fcj,...,fci), 

for every i e {I,. . . ,n}. 

Now, by proposition IA.2.91 A(a„) must have even rows. If a„+i — aj < ctj+i < 

• • • < a„ for some j G {1, . . . , n} then >5'A(a„)K*+i — unless fc„ + • • • + fc^+i = 0, 
so A(a„) = • • • = A(aj+i) = A(aj). As before, by lemma [1.6. 1[ we can consider the 
smaller quiver : 1 — > 2 • • • j — > n + 1 — > 2n — j + 2- ■ ■2n — > 2n + l and then 

OSI{Q,a) ^ (5A(a,)Vi)^^(^^) ® • • • ® {Sxia,^,)V* ® Sxia,)V,f'^<^''^^^ 

iSMa,^,)V: ® 5A(a,)K)^^(^"^ ® (5A(a,)K+l)^°^^" + ^', (2.2) 

where 

and kj+- ■ •+fci, . . . , fc^ have to be even otherwise, by proposition |A.2.9l (5'A(aj )Ki+i)'^'^'^"+^^ = 
0. Hence ki has to be even for every I e {1, . . . , j}. Now to complete the proof it's 
enough to find the generators of the algebra l|2.2t for a„+i — ctj < ctj+i < ■ ■ ■ < an- 

(a) By proposition |A2l for every , j}, (g> Sx^Vif"-^^'^ 

is generated by a semi-invariant of weight (0, . . . , 0, fc;, 0, . . . , 0) where ki G 

2Z>o, is ?-th component. Since g''-det{V{a2n-i+i) ■ ■ ■ V{ai)) = det{{g^^i^)''V{a2n-i+i) ■ ■ ■ V{ai){gi)'') = 

{detgiYdet{V{a2n-i+i) ■ ■ ■ V{ai)) for every g = {sOztEgo ^ SOiV), we note 
that 

V{a2n^i+i) ■ ■ ■ V{ai) G OSI{Q,a) ^ idet{V{a2n-i+i) ■ ■ ■ V{ai))f^ 

is a semi-invariant of weight (0, . . . , 0, fc;, 0, . . . , 0), so it generates 

{Sxia,^,)Vi* (g> Since X{ai) = A(a,_i) + {ki^', then 

det{V{a2n-i+i) ■ ■ ■ is a generator of OSI{Q, a). 
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(b) In the summand of OSI{Q, a) indexed by the families of partitions in which 

A(a,) = ('fc~'^),withfc, e 2Z>o,wehavethat(5A(a,)^,)^^(^^%(5A(a,)K+i)^°(^"+^^ 
is generated by a semi-invariant of weight 

(0, . . . , 0, fcj, 0, . . . , 0, 0) where kj is the j-th component and we note, as be- 
fore, that {det{V{an) ■ ■ ■ F(aj)))'^J is a semi-invariant of weight (0, . . . , 0, fcj, 0, . . . , 0, 0). 
Since A(aj) = A(aj_i) + 

det{V{an) ■ ■ ■ V{aj)) is a generator of OSI{Q, a). □ 

Proof of theorem \2?T?7\ Using the theorem 12.1.81 the proof is similar to the proof of 
theorem EXT] □ 
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Chapter 3 



Semi-invariants of symmetric 
quivers of tame type 



In this chapter we prove conjectures 11.2.11 and 11.2.21 for the symmetric quivers of 
tame type. We recall that the underlying quiver of a symmetric quiver of tame type 
is either A or D as in proposition ! 1 . 1 . 1 5l As done for the finite case we again reduce 
the proof to particular orientations (orientations in proposition 11.3.81 for A and 
orientation of D'^'^ for D). In section 3.1, we prove the conjectures for dimension 
vector ph (for definition, see proposition IB .2 .2|l . In section 3.2, we treat the other 
regular dimension vectors. 

3.1 Semi-invariants of symmetric quivers of tame type 
for dimension vector ph 

In this section we deal with dimension vector ph. By lemma [T.3.14| and proposition 
|1.5.4| and |1.5.5[ it's enough to consider particular orientations of symmetric quivers 
of t5rpe A in proposition 1 1 .3 . 8l and orientation of symmetric quiver D^''. First we 
prove case by case some theorems by which conjectures 11.2.11 and 11.2.21 follow. 
Finally in section |3.1.8[ we conclude proofs of conjectures ll.2.1l and ll.2.2l We note 
that h is preserved under reflection functor. 
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3.1.1 for dimension vector ph 

Theorem 3.1.1. Let [Q, a) he a symmetric quiver of type (2, 0, fc, /) of orientation 



o o 

o o 

o o 

o o 

o o 

o o. 

b 

Then 

Sp) SpSI{Q,ph) is generated by the following indecomposable semi-invariants: 

a) det V{uj) with j e {1, . . . , |}; 

b) det V{vj) with j e {1, . . . , ^}; 

c) detV{a)anddetV{b); 

d) the coefficients a of ipP'^ij;'^, < i < p, in det{ipV{a) + (pV{b)), where a = 
(t(vi) ■ ■ ■ a(vi)avi ■ ■ ■ vi and b = a(ui) ■ ■ ■ a(uk)buk ■ ■ ■ ui. 

2 2 2 2 

O) OSI{Q,ph) is generated by the following indecomposable semi-invariants: 
ifp is even, 

a) det V{uj) with j e {1, . . . , I}; 

b) det V{vj) with j e {1, . . . , ^}; 

c) pfV{a) andpfV{b); 

d) the coefficients a of ipP^^^ip'^^, < i < |, m pf{ipV{a) + LpV(b)), where a = 
ct(wi) • • • a{vi)avi_ ■ ■ ■ vi and b = a{ui) ■ ■ ■ a{uk )buk ■ ■ ■ ui, 

ifp is odd, 

a) det V{uj) with j e {1, . . . , 

b) det V{vj) with j £ {1,. . 

Proof. We proceed by induction on | + ^. The smallest case is q'^ 

l^a(l). 

The induction step follows by lemma [T.6.2[ so it's enough to prove the theorem for 

72,04 

Let F be a representation of q ^ of dimension ph for some p e Z>o, in this case 
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h = 1. 

Sp) The ring of symplectic semi-invariants is 

SpSI{Alf\ph) = {Sxia)V ^ Sxib)Vf'^'' . 

X{a),\{b)eERA 

By proposition lA.2.8l we have 

X{a)j + A(6)p+j_i = t (3.1) 
for some t E Z>q and for every < j < p. 

We consider the summand in which t = 2 because the other ones are generated by 
products of powers of the generators of this summand. The solutions of II3.H are 

A(a) = (2*) and \{b) — (2^"') for every < i < p. So the considered summand 
©r=o('^(2')^ (Xi S(^2p-i)V)^^ ^ is generated by semi-invariants of weight 2, i.e. the 
coefficients Ci of ipP~^ip'^ in det{iJjV{a) + ipV{b)) (see [R2]). In particular we have 
Co = det V{b) and Cp = det V{a). 
O) The ring of orthogonal semi-invariants is 

OSI{Alf\ph)^ {Sxia)V®S^b)Vf'^''. 

X{a),\{b)eECA 

By proposition |A.2.8| we have 

X{a)j + \{b)p+j.i = t (3.2) 
for some t e Z>o and for every < j < p. 

We consider the summand in which t = 1 because the other ones are generated by 
products of powers of the generators of this summand. Let p be odd. (A(a)')i and 
(A(&)')p have to be even but (A(a)')i + (A(6)')p ^ pis odd, this is an absurd, and so 
OSIiAlf\ph) =K. 

Let p be even. The solutions of (13. 2t are A(a) — (1^*) and A(6) = (1^^^') for every 
< « < |. So the considered summand 0f^Q(S'(i2i)y(g)S'(ip-2i)y)'^-^ ^ is generated 
by semi-invariants of weight 1, i.e. the coefficients Ci of in pf{ipV{a) + 

LpV{b)). In particular we have cq = pf V{b) and ce — pf V{a). □ 

3.1.2 for dimension vector ph 

Theorem 3.1.2. Let {Q, a) be a symmetric quiver of type (2, 0, k, I) with orientation 



o o 

o o 

o o 

"ll f'^("l) 

o o 
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Then 

Sp) SpSI{Q,ph) is generated hy the following indecomposable semi-invariants: 

a) det V{uj) with j e {1, . . . , |}; 

b) det V{vj) with j e {1, . . . , ^}; 

c) detV{a)anddetV{b); 

d) the Ci coefficients o/i^sV*/ < i < p, in det 
a(vi) ■ ■ ■ a(vi)avi_ • • • ui and c — Uk ■ ■ ■ ui. 



(pV{a) V{c) 
Viaic)) i;V{b)) 



, where a 



O) OSI{Q,ph) is generated by the following indecomposable semi-invariants: 
ifp is even, 

a) det V{uj) with j G {1, . . . , 1}; 



b) det V{vj) with j £ {1,..., ^}; 

c) pfV{a) andpfV{b); 

d) the coefficients a of ip^ip'^, < i < in pf 
a — (j(vi) ■ ■ ■ a(vi)av± ■ ■ ■ vi and c — Uk ■ ■ ■ ui. 

2 2 2 

ifp is odd, 

a) det V{uj) with j e {1, . . . , |}; 

b) det V{vj) with j e {1, . . . , ^}; 

c) the coefficients Ci of ip^ip^, < i < in pf 
a = cr(vi) ■ ■ ■ a{vi)av± ■ ■ ■ vi and c = Uk ■ ■ ■ ui. 



ipV{d) V{c) 
V{a{c)) ^bVib)) 



ipV{d) Vic) 
V{a{c)) ^jV{b)) 



where 



where 



Proof. We proceed by induction on | 

1 



'2,0,2 



^. The smallest case is A2 q 




and so it's enough to study the semi-invariants of ^2 q^. 

The induction step follows by lemma [1.6.2l and by lemma [1.6. II so it's enough to 



prove the theorem for Aif^^ ■ 



Sp) The ring of symplectic semi-invariants is 

(5A(a)V^l®5A(c)V^l)''^''^ 



SpSI{A^r/^^^^ ,ph) 



X(a).X{b)eERA 
A(c)eA 



By proposition |A.2.8| we have 



X{a)j + A(c)p+j_i = ki 
X{b)j + A(c)p+j_i = k2 



*\SLV2 



(3.3) 
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for some fci, fc2 G Z>o and for every < j < p. 

We consider the summands in which fci = 0, 1, 2 and fc2 = 0, 1, 2 because the other 
ones are generated by products of powers of the generators of this summands. If 
ki — 2 and k2 — we have A(6) = = A(c) and so the summand is {S(^2p)Vi)^^^^ 
which is generated by a semi-invariant of weight (2, 0), i.e. detV{a). If fci =0 
and fc2 = 2 as before we obtain the generator of ring of semi-invariant det V{b) of 
weight (0, —2). The summand in which fci = 1 and k2 = (respectively fci = 
and k2 = 1) doesn't exist because otherwise we have A(a) (respectively A(&)) with 
odd columns. If fci = 1 = fc2 we have A(a) = = X{b) and A(c) — (1^) and so the 
summand is {S(_iP)Vi)^^ ® (5'(ip) ^2*)'^^ which is generated by a semi-invariant 
of weight (1, —1) which is det V{c) = det V{a{c)). If fc^ = 2 = fc2/ the solutions of 
(13. 3t are A(a) = (2*) = A(6) and A(c) = {2p~^\ The corresponding summand is 
0Lo('5(2.)^i ® 5(2P-.)^i)'^^^i ® {S(2^)V2* ® S^2P-^)V2)^^^^' and it is spanned by 
the coefficients of cp'^ip'^ in 



det 



ipVia) V{c) 
V{a{c)) ^pV{b) 



semi-invariants of weight (2, —2). In particular for i = we have {detV{c))'^ and 

for i = p we have det V{a) ■ det V{b). 

O) The ring of orthogonal semi-rnvariants is 

OSI{Alf\ph) = {S^^a)Vl ® ^A(c)^l)'''^''^ ® (^AW^2* ® Sx^,)V2*f'''''. 

A(a).A(6)eECA 
A(c)eA 

By proposition lA.2.8l we have 



A(a)j + A(c)p+j_i = fci 
X{h)j + A(c)p+j_i = fc2 



(3.4) 



for some fci, fc2 G Z>o and for every < j < p. 

We consider the summands in which fci = 0, 1 and fc2 = 0, 1 because the other 
ones are generated by the monomials of these. Let p be even. If fci = 1 and fc2 = 
we have A(6) = = A(c) and so the summand is (S'(ip) Vi)"^^ which is generated 
by a semi-invariant of weight (1, 0), i.e. pf V{a). If fci = and fc2 = 1 as before we 
obtainthegeneratorof ring of semi-invariant of weight (0,-1). If fci = 1 = 

fc2, the solutions of lUD are A(a) = (l^') = A(5) and A(c) = (l^-^i) ^ith < i < f . 

So the summand is 0to('S'(i2oVi S(^iP-2.)Vi)'^^ (g) (S'(i2.)l/2* S'(ip-2.)F2*)'^-^^' 
which is generated by the coefficients of (/^V* iri 



pf 



ipV{a) V{c) 
V{a{c)) ^pV{b) 



semi-rnvariants of weight (1,-1). In particular for i — we have detV{c) = 
det V{a{c)) and for i = p we have pf V{a) ■ pf V{b). Let p be odd. In this case 
the summand {S(^ip)Vi)^^^^ (respectively (5'(ip)V"2)'^'^ doesn't exist since A(a) 
(respectively A(6)) must have even columns. If fci = 1 = fc2, the solutions of 13.4 
are A(a) = (l^O H^) and A(c) = (l^-^*) with <i < So the summand is 

0^3 iS(l2^)Vl (g> S^lP-2^)Vl)'^^ (g) (S'(i2.) V^2* ^ 5( ip - 2. ) V^2* ) wWch Is generated 
by the coefficients of (p^t// in 

(pV{a) V{c) 



^ V{a{c)) ^V{b) 
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semi-invariants of weight (1 , — 1). In particular for i = we get det V{c) = det V{a{c)). 
□ 



3.1.3 for dimension vector ph 

Theorem 3.1.3. Let {Q, a) be a symmetric quiver of type (0, 2, fc, I) with orientation 



5 



T(t>i ) 



o 

o 
Vl I 

o 

o 

o 

"1-4 



o 
o 

O 
O 

o 



o 



Then 

O) OSI{Q,ph) is generated by the following indecomposable semi-invariants: 

a) det V{uj) with j e {1,. . ., |}; 

b) det V{vj) with j G {1, . . . , 5}; 

c) the coefficients Ci of ip'P~^'il)\ < i < p, in det{ipV{a{a)a) + ipV{a{b)b)), where 

d = aivi) ■ ■ ■ <t(vi)vi ■ ■ - Vl and b = a(ui) ■ ■ ■ a(uk)uk ■ ■ - ui. 
' 2 2 2 2 

Sp) SpSI{Q,ph) is generated by the following indecomposable semi-invariants: 
ifp is even, 

a) det V{uj) with j e {1, . . . , |}; 

b) det V{vj) with j e {1, . . . , 5}; 

c) the coefficients Ci o/(^?~*V'/ < i < |, in pf{tjjV{a{d)a) + tpV{a{b)b)), where 
d = a{vi) ■ ■ ■ cr{vi)vi ■■ - vi and b = a{ui) ■ ■ ■ a{ut)uh ■ ■ ■ ui; 

ifp is odd, SpSI{Q,ph) = K. 

Proof. We proceed by induction on | + |. The smallest case is A2'l 

2 



1 



a(l) 



55 



and so it's enough to study the semi-invariants of ^2 2' 



The induction step follows by lemma [1.6. II so it's enough to prove the theorem for 

J0,2 
^2,2- 

O) The ring of orthogonal semi-invariants is 

A(a),A(6)eA 

By proposition lA.2.8l we have 

X{a)j + A(6)p_j+i = fci (3.5) 

for every < j < p and for some fci e Z>o. By proposition IA.2.91 we have 
A(a) = 2/i + {IP) and A(6) =21/+ {mP) for some ji^v ^ h. and for some Z, rn e Z>o. 
We consider the summands in which ki = 1,2 because the other ones are gener- 
ated by products of powers of the generators of this summands. If fci = 1 the only 
solutions of l|331l are A(a) = (1^), A(6) = and A(a) = 0, X{b) = (1^). Respectively, 
the summand {S i^ip^Vi)^ ^ ® (S'(ip)V2)'^'^ is generated by a semi-invariant of 
weight (1,0,0), i.e detV{a) = detV{a{a)), and the summand {S(iP)Vif^^^ ® 
(S'(iP)V3)'^*^^^ is generated by a semi-invariant of weight (1,0,0), i.e detV[h) = 
detV{a{b)). If fci = 2, the solutions of (|33) are A(a) = (2'), A(6) = (2^-*) with 
< i < p. So the summand is 



0(5(2.)T/i ® ^(2P-.)l^l)^^^^ ® (%)1^2)''°''^ ® {S(^2P-')V3f''''' 
i=0 



which is generated by the coefficients of ipP~^^^ in det{^V{a{a)a) + ipV{a{b)b)), 
semi-invariants of weight (2, 0, 0). In particular for i = we have det V{<j{b)b) and 
for i = p we have det V{a{a)a). 
Sp) The ring of symplectic semi-invariants is 

(5A(a)^l Sx^^V.f^''^ (^A(a)^2)^''^^ ^ (^AW^a)^^''^ 
A(a),A(&)eA 

By proposition lA.2.8l we have 

X{a)j + A(6)p_j+i = fci (3.6) 

for every < j < p and for some fci e Z>o. By proposition lA.2.9l A(a) and X{b) 
have to be in EC A. 

Let p be even. We consider the summands in which fci = 1 because the other ones 
are generated by products of powers of the generators of this summands. The 
solutions of are A(a) = (1^*), X{b) = (F^^i) with < i < §. So the summand 
is 

p 

2 

0(5(i2.)i/i ® ^(iP-2.)Fi)^^^^ ® (^(i2.)y2)^°''^ ® (^(ip-2.)y3)^o^3 

i=0 

which is generated by the coefficients of tp^^^tp^ in pf{tpV{a{a)a) + ipV{a{b)b)), 
semi-invariants of weight (1, 0, 0). In particular for i = we have pf V{a{b)b) = 
^detV{a{b)b) = ^detV{a{b)) ■ detV{b) = ^{detV{b)f = det V{b) and for i = § 
we have p/F(a(a)a) = detV{a). 

If p is odd there not exist any non-trivial symplectic representations because a 
symplectic space of dimension odd doesn't exist. So we have SpSI{Q,ph) = K. □ 
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3.1.4 A^'j for dimension vector ph 

Theorem 3.1.4. Let {Q, a) be a symmetric quiver of type (1, l,k,l) with orientation 

y \ ' 

o o 
o o 

o o 

"if ],o-(fi) 

o o 

wij, |o-(«i) 

o o 

o 

|o-("fc ) 

o. 
Then 

O) OSI{Q,ph) is generated by the following indecomposable semi-invariants: 
ifp is even, 

a) det V{uj) with j e {1, . . . , |}; 

b) det V{vj) with j e {1, . . . , |}; 

c) pfV{b) 

d) the coefficients q of ipP~'^^ip'^\ < i < |, in det{ipV{a{a)a) + ipV{b)), where 
a = '^cr{i) ■ ■ ■ o'{vl)vi ■ ■ - Vl and b = a{ui) ■ ■ ■ a{ut)but ■ ■ ■ ui; 

ifp is odd, 

a) det V{uj) with j e {1, . . . , I}; 

b) det V{vj) with j e {1, . . . , |}; 

c) the coefficients Ci of tpP~'^^^'^^, < i < in det{tpV{<7{a)d) + ipV(b)), where 
a = ^(^(1) • • • (y{vi)vi ■ ■ ■ Vl and b = o'(ui) • • • a{uk)buk ■ ■ ■ ui. 

Sp) SpSI{Q,ph) is generated by the following indecomposable semi-invariants: 
ifp is even, 

a) det V{uj) with j G {1, . . . , |}; 

b) det V{vj) with j e {1, . . . , ^}; 

c) detV{b) 

d) the coefficients Ci of ip^^^'^ip'^^ < i < |, m det{ipV{a{a)a) + ipV(b)), where 
a = Va{i) ■ ■ ■ '''(^i )'^^ • • • Vl and b = (t{ui) ■ ■ ■ a{u^)bu^ ■ ■ ■ ui; 

ifp is odd, SpSI{Q,ph) = K. 
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Proof. We proceed by induction on | + ^. The smallest case is 



1 




and so it's enough to study the semi-invariants of 

The induction step follows by lemma [1.6.2l and by lemma [1.6. II so it's enough to 

prove the theorem for AJ'j. 

O) The ring of orthogonal semi-invariants is 

A(a)eA 

By proposition |A.2.8| we have 

X{a)j + A(6)p_j+i = fci (3.7) 

for every < j < p and for some ki e Z>o. By proposition I A. 2 .91 we have A(a) = 
2// + (P) for some /i G A and for some / e Z>o. We consider the summands in 
which ki — 1,2 because the other ones are generated by products of powers of the 
generators of this summands. Let p be even. If fci = 1 the only solutions of | |3.7t 
are A(a) = (1^), \{b) — and A(a) = 0, A(6) = (1^). Respectively, the summand 
(S'(iP)yi)'^^ ^1 (g) {S(^iP)V2)^'-' is generated by a semi-invariant of weight (1, 0), i.e 
detV{a) — detV{a{a)), and the summand (S'(ip)Vi)'^-^ is generated by a semi- 
invariant of weight (1,0), i.e pf V{b). If ki — 2, the solutions of (13.711 are A(a) = 
(2^^), A(6) = {2P-^') with < i < f . So the summand is 



i=0 



which is generated by the coefficients of (pP~'^^il;'^^ in det{^pV{a{a)a) + ^pV{b)), semi- 
invariants of weight (2, 0). In particular for i = we have det V{b) and for i = ^ 
we have det V{a{a)a). 

Let p be odd. If fci = 1 the only solutions of ^3 are A(a) = (1?), A(6) = 0. 
The summand (Si^iP^Vi)^^^^ (8) (S'(ip) V2)'^*^ is generated by a semi-invariant of 
weight (1,0), i.e det V{a) = det V{a{a)). If fci = 2, the solutions of are A (6) = 
(22^), A(a) = (2P-2*) with < i < So the summand is 



which is generated by the coefficients of tp^^'tpP~^^ in det{iljV{a{a)a) + (pV{b)), semi- 
invariants of weight (2, 0). In particular for i = we have det V{a{a)a). 
Sp) The ring of symplectic semi-invariants is 

{Sxia)Vl ® ^A(b)yi)^^^^ ^ (5A(a)^2)^^^^ 

A(a)eA 

A(b)e£;i?.A 
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By proposition lA.2.8l we have 



X{a)j + A(6)p_j+i = fci (3.8) 

for every < j < p and for some fci e Z>o. By proposition |AjZ9] we have A(a) € 
EC A. We consider the summands in which fci = 1,2 because the other ones are 
generated by products of powers of the generators of this summands. Let p be 
even. If fci = 1 the only solutions of II3.8II are A(a) — (P), \{b) — 0. The summand 
{Si^iP)Vi f^^^ ® {S(^iP)V2)^P^^ is generated by a semi-invariant of weight (1,0), 
i.e detV{a) = detV{a{a)) — pf V{a{a)a). If fci — 2, the solutions of I l3.8t are 
A(a) = (2^'), A(&) = (2P-2*) with < i < f . So the summand is 

E 
2 

1=0 

which is generated by the coefficients of tpP^^^ip"^^ in det{iljV{a{a)a) + (pV{b)), semi- 
invariants of weight (2, 0). In particular for i = we have det V{b) and for i = ^ 
we have det V{a{a)a). 

If p is odd there not exist any non-trivial symplectic representations because a 
symplectic space of dimension odd doesn't exist. So we have SpSI{Q,ph) = K. □ 

3.1.5 A^jfl for dimension vector ph 

Theorem 3.1.5. Let {Q, a) be a symmetric quiver of type (0, 0, fc, fc) with orientation 



o 




o o 



t I 

o o 

o o 

•"ij ^-"k 
o o 

o o 

o o 

\ t 

o o 

\ / 

o 

Then 

OSI{Q,ph) — SpSI{Q,ph) is generated by the following indecomposable semi-invariants: 

a) det V{vj) with j g {1, . . . , fc}; 

b) pf{V{a)^V{a{a))) 

c) the coefficients ci of tpP^^ip^, < i < p, in det{ipV{a) + ipV{<7{d))), where a = 
Vk ■■ - vi. 
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Proof. We proceed by induction on | + |. The smallest case is A"'" 

2 

1 ^(1) 



a{2) 

and so it's enough to study the semi-invariants of Aj'j- 

The induction step follows by lemma [1.6.1l so it's enough to prove the theorem for 

T0,0 
^2,2- 

In this case we have Oi?ep(Q,p/i) — SpRep{Q,ph) and so OS I{Q,ph) — SpSI{Q,ph). 
The ring of semi-invariants is 

A(a),A(6)eA 

By proposition |A.2.8| we have 

X{a)j + A(6)p_j+i = ki 

for every < j < P and for some fci, fc2 G Z>o. We consider the summands in 
which fci — 1,2 and k2 ~ 0, 1 because the other ones are generated by products 
of powers of the generators of this summands. Let p even. If fci = 1 and k2 — 
the only solution of i3.9i are A(a) = (l^), A(6) — (l^ ). The summand {S^^^^Vi (8) 

1 f ) ^1 ) '^'^ ('^( 1 f ) ^2* -^^ ^ £ ^ ^2 ) is generated by a semi-invariant of weight 

(1,0), i.e. pf{V{(j{b)a) + V{a{a)b)). If fci = 2 and fcs = 0, the solutions of l|321l are 
A(a) = (2% xib) = (2% p-^i) ^ith < i < f . So the summand is 

P 
2 

0(5(2.,lP-2,)yi ® 5(2.,iP-2.)yi)^^^i (8 (%,lp-2.)T/2* ® %,1P-2.)V2)^^^=^ 
i=0 

which is generated by the coefficients of ipP~^^^ with < i < f in (iet(?/'V^(o-(&)a) + 
(pV{(j{a)b)), semi-rnvariants of weight (2,0). In particular for i ~ we have 
det V{a{b)a) — del V{a{a)b). Let p be odd. If fci = 1 and fc2 = we don't have any 
solutions of If fci = 2 and fca = 0, the solutions of l|3jl are A(a) = {2\ 1p-^% 
X{b) = {2\ IP-^') with 0<i< So the summand is 



0(%,iP-2,)yi (E) S^2',v-'^^)Vif^^' (E) (5(2.,iP-2.)T/2* (E) S'(2.,iP-2.)V2) 



SLV2 



i=0 



which is generated by the coefficients of ipP with < i < in det{'tpV{a{b)a)+ 
(pV{(j{a)b)), semi-invariants of weight (2,0). In particular for i = we have 

detV{a[b)a) = detV{a{a)b). 

If fc2 = 1, in both cases p even or odd, fci can't be otherwise we have X{b)j + 
X{b)p-j+i = — 1 but this is impossible. So fci = 1 and the only solutions of | |3.9t 
are A(o) — {V), X{b) — and A(a) = 0, A(6) ~ {V); respectively we have the sum- 
mand (S'(iP)Vi)'^-^^i <E iS(iP)V2 f^^^ generated by the semi-invariant detV{a) of 
weight (1,-1) and the summand (S'(ip) Vi)-^^ (S'(ip)y2)'^-^^^ generated by the 
semi-invariant det V{b) of weight (1,-1). □ 
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3.1.6 for dimension vector ph 

Theorem 3.1.6. Let {Q, a) be a symmetric quiver of type with orientation 




(7(a) 



ci 

o s- o ■ 



Cn-2 
■ O 3» O ■ 



(7(ci) 
■ O 9- O 




and let c = a{ci) ■ ■ ■ c„_2 • • • ci. Then 

Sp) SpSI{Q,ph) is generated by the following indecomposable semi-invariants: 
a) det V{cj) with j e {1, . . . , n - 2} 



b) det{V{a),V{b)) =det 



Viaia)) 



V{a{b)) 

c) detV{(7{a)ca) 

d) detV{c7{b)cb) 

e) detV{G{b)ca)^detV{(j{a)cb) 

f) the coefficients Ci ofip^tjj\ < i < p, in 

ipV{(7{a)ca) V{a{b)ca) 



det 



y(cr(a)c6) il;V{a{b)cb) 



O) OSI{Q,ph) is generated by the following indecomposable semi-invariants: 
ifp is even, 

a) det V{cj) with j G {1, . . . , n — 2}; 



b) det{V{a),V{b)) = det 



V{a{a)) 



V{a{b)) 

c) pfV{c7{a)ca) 

d) pfV{a{b)cb) 

e) the coefficients Ci ofip''ip\ < i < |, m 

ipV(a(a)ca) y(a(&)ca) 



Pf 



V{a{a)cb) V{a{b)cb) 



ifp is odd, 

a) det V{cj) with j e {1, . . . , n - 2} 

V{aia)) 



b) det{V{a),V{b)) = det 



y(<7(6)) 
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c) the coefficients Ci ofip'"ij}'^, Q <i < ^2^, in 
Pf 



tpViaia)ca) V{cr{b)ca) 
V{a{a)cb) ^V{a{b)cb) 



Proof. We proceed by induction on n. The smallest case is {Dl'^y^ 
1 '^(l) 

a{a) 



a{b) 





a{2) 



The induction step follows by lemina [1.6.2[ so it's enough to prove the theorem for 



Let y be a representation of (£'3 '^)'^'' of dimension ph for some p G Z>o, in this 
case h = (1, 1,2). 

Sp) The ring of symplectic semi-invariants is 



eg 



U,0\ 



SpSIiD'/,ph)= iSx^a)Vlf'^'''®Sxib)V2) 



SLV2f 



A(a),A(b)eA 



By proposition I A. 2 . 7l we have A(a) = (^i )/ A(6) — (fcf)/ for some fci, fc2 G Z>o, and 
by proposition I A. 1 . 12l we have 

Siki)v; ® S(ki)Vi = s^^v; (s.io) 

1=0 

where 

Vi = (fci + Ai, . . . , fci + Ap_i, fci, . . . , fci, ^2, . . . , fc2, ^2 - Ap_i, . . . , fc2 - Ai) 



with < Xp-i < ■ ■ ■ < Xi < k2 and for every < i < p. Moreover we have 

(^..1^3* ® Sx^.^Vsf'^ ^ ^ A(c) = + (fc^^) 
for some fcs e Z>o. 

We consider the summands in which fci = 0, 1, 2 and fc2 = 0, 1, 2 because the other 
ones are generated by products of powers of the generators of these summands. 
If A(c) = 0, then A(a) = (fc^) 7^ 7^ A(6) = (fcf ) because otherwise if for ex- 
ample A(a) = we have {Sf^kP-^V^)^^^'' = 0. We consider the summand in 
which A(c) = and ki ^ 1 = fe, the only Vi such that (S^^V^*)'^^^^ 7^ is 
i/p = (PP). So (^(iP)^!)^^^! ® (5(iP)1^2)^^^^ ® (^(i2p)"^"3)^^^^ is generated by 

a semi-invariant of weight (1, 1, — 1), i.e. det {V (a) , V {b)) — det ( y^^l^jj V 
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Now we suppose A(c) 7^ 0. We can't consider fci = 1, fc2 = and ki — 0, 
/c2 = 1 because otherwise we haven't A(c) with even rows. If ki — 2, k2 — 
and ^3 = the summand (5(2p) Vi)'^-^ » (S'(2P)V3* (g) S'(2p)V3)-5^ is generated 
by a semi-invariant of weight (2,0,0), i.e. detV{a{a)ca). If ki — 0, k2 — 2 and 
/C3 = the summand (5'(2p)V'2)'^-^ «> (S'(2P)V3* S'(2p)V3)-^^ is generated by 
a semi-invariant of weight (0,2,0), i.e. detV{a{b)cb). If fci = = k2, then ks 
has to be even. So, considering k^ = 2, (5'(22p)V3)'^^ is generated by a semi- 
invariant of weight (0,0,2), i.e. detV{c). If ki = k2 = 1, by l ITTOt , A(c) = (2^). 
So (S'(iP)Vi)'5-^^i ® (S'(iP)y2)^-^^= «) (5'(2P)V3* ® S^2p)V3f^^' is generated by a 
semi-invariant of weight (1, 1, 0), i.e. det y(cr(5)ca) = det l/(o-(a)c&). Finally if 
ki = k2 = 2, considering A:3 = 0, the summand is 



iS(2v)Vif^^' ® (^(2P)V2)^^^=^ ® (0%P-2.,24.)V'3* ® %P-2.,2«)V^3)^^^' 

1=0 

which is generated by the coefficients of ip^tp'^ in 

/ ^^(a(a)ca) y(a(6)ca) \ 
^ \ V{aia)cb) ^jV{a{b)cb) J ' 

semi-invariants of weight (2, 2, 0). In particular for i = we have 
{det V{(j{b)ca))^ and for i = p we have det V{a{a)ca) ■ det V{a{b)cb). 
O) The ring of orthogonal semi-invariants is 



SpSI{Dl'°,ph)^ (^A(a)^l)''^''^®5;,(fc)l-2) 



SLV2f 



A(a),A(b)eA 
A(e)e£;CA 



By proposition lA.2.7l we have A(a) = (^i), A(6) = (fcf)' ^o'' some ki,k2 G Z>o, and 
by proposition lA.l . 12l we have 

p 

V)1^3* ^ ^(feD^3* - ^3* (3-11) 

i=0 

where 

^ {ki + \i, . . . ,ki + \p-i, ki, . , fci , fc2, ■ y , ^2 , ^2 - Ap_i, . . . , fc2 - Ai) 

with < Xp-i < ■ ■ ■ < Xi < k2 and for every < i < p. Moreover we have 

(S^.y; ^ Sxia)V3f'^''' + ^ A(c) = + (fc^^-) 

for some fcs G Z>o. Since A(c) G ECK, also G £^CA for every i. 
We consider the summands in which ki = 0, 1 and k2 = 0, 1 because the other 
ones are generated by products of powers of the generators of these summands. 
As before if A(c) = 0, the only such that {S^.V^Y^"^-^ ^ is i/p = (pP). So 
{S(iP)Vif^^^ ® {S(^iv)V2Y^^'^ ® {S(i2p)V-iY^^^ is generated by a semi-invariant 

of weight (1, 1, — 1), i.e. det{V{a),V{b)) — det ( ^|^|^|| V Now we suppose 
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A(c) ^ 0. 

Letpbeeven. If fci = l,k2 = Oandfcs = the simmand (S(^ip)Vi)'^^^^(E){S(ip)V:^(E) 
S{ip)V3)''^^ ^3 is generated by a semi-invariant of weight (1, 0, 0), i.e. pf V{a{a)ca). 
If fci = 0, fca = 1 and Ais = the siraimand {S(^iP)V2y^^ ® (^'(ip)^,* ® S(^iP)V3y^^ 
isgeneratedby a semi-invariant of weight (0, 1,0), i.e. pfV{<7{b)cb). If fci = = k2, 
then ^3 has to be not zero. So, considering ks — 1, iS(^i2p^V3)^^ is generated by 
a semi-invariant of weight (0, 0, 1), i.e. pf V{c). Finally if ki = k2 = 1, considering 
fcs = 0, the siimmand is 



i=0 

which is generated by the coefficients of V' ir» 

/ ^F(a(a)ca) y(c7(6)ca) \ 
V V{a{a)cb) tpV{a{b)cb) J ' 

semi-invariants of weight (1,1,0). In particular for i = we have 
det V{a{b)ca) ~ det V{a{a)cb) and for i — f we have pf V{(T{a)ca) ■ pf V{a{b)cb). 
Let p be odd. In this case we can't consider fci = 1, A;2 = 0, fca = and ki = 0, 
k2 = 1, ks = because otherwise we have A(c) = (1^) with p odd but A(c) has to be 
in EC A. As before, if fci = = k2, then k^ has to be not zero. So, considering k^ = 
1, (5'(i2p) V'a)'^''" ^3 is generated by a semi-invariant of weight (0, 0, 1), i.e. pf V{c). 
Finally if k\ = k2 = 1, considering fcs = 0, the summand is 



(V)^!)^^""' ® {SilP)V2f''''' (05(2p-(2*+i),i4.+2)y3* 5(2p-(2.+l),14.+2)y3)^''''^ 

which is generated by the coefficients of ip^^p^ in 

/ y^T/(o-(a)ca) V{(7{b)ca) \ 
y V{a{a)cb) ijV{a{b)cb) ) ' 

semi-invariants of weight (1,1, 0). In particular for i = we have det V{a{b)ca) = 
detV{a{a)cb). □ 



3.1.7 D^'^ for dimension vector ph 

Theorem 3.1.7. Let {Q, a) be a symmetric quiver of type D^'^ with orientation 




and let c = (t(ci) • • • (t(c„^3)c„_3 • • • ci. Then 

O) OSI{Q,ph) is generated by the following indecomposable semi-invariants: 
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a) det V{cj) with j e {1, . . . , n — 3} 

■ Viaia)) 



b) det{V{a),V{b)) = det 



V{aib)) 



c) detV{a{a)ca) 

d) detV{a{b)cb) 

e) detV{(7{b)ca) ^ detV{(7{a)cb) 

f) the coefficients Ci ofip'''il}\ < i < p, in 



det 



ipV{(j{a)ca) V{(T{b)ca) 
V{a{a)cb) iPV{a{b)cb) 



Sp) SpSI{Q,ph) is generated by the following indecomposable semi-invariants: 
ifp is even, 



a) det V{cj) with j e {1, . . . , n - 2}; 

b) det{V{a),V{b)) = det 



V{a{a)) 
V{a{b)) 

c) pfV{a{a)ca) 

d) pfV{a{b)cb) 

e) detV{a{b)ca) = detV{a{a)cb) 

f) the coefficients Ci ofip''ip\ < i < |, m 



Pf 



ipV{a{a)ca) V{a{b)ca) 
V{a{a)cb) ^V{a{b)cb) 



ifp is odd, 

a) det V{cj) with j e {1, . . . , n — 2} 

b) detiV{a),Vib))=det(^ ^[^[jjj 

c) detV{a{b)ca) ^ detV{(7{a)cb) 



d) the coefficients ci of(p^il>\ < i < ^2~' 

/ ,nVfrr(. 

pf 



ipV{a(a)ca) V{a{b)ca) 
V{a{a)cb) ^V{aib)cb) 

Proof. We proceed by induction on n. The smallest case is (D'^'^y 

1 a{l) 

(T(a) 

3' 

6 <7(b) 

a(2) 
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The induction step follows by lemma [l.6.1[ so it's enough to prove the theorem for 



0r) 

Let be a representation of (£'3'^)'^'' of dimension ph for some p G Z>o, in this 
case h ^ (1, 1,2). 

O) The ring of orthogonal semi-invariants is 

OSI{Dl'\ph) = (5A(a)Vi)'''^''^®(^A(6)^2)^^^^0(^A(a)V^3*^^A(b)^3*)^°'''- 
A(a),A(h)eA 

By proposition lA.2.7l we have A(a) = (k^), X{b) = (fcj)/ for some fci, fc2 G Z>o, and 
by proposition lA.1.12l we have 

p 

Sik-)Vi (E> ^(feP)^; = S^^V,* (3.12) 

i=0 

where 

^ {ki + \i, . . . ,ki + \p^i,ki, . . . , fci, ^2, . . . , k2, k2 - Xp-i, . . . , /c2 - Ai) 



eq 



with < Xp-i < ■ ■ ■ < Xi < k2 and for every < i < p. Moreover we have 

{S,^V*f^^' ^0^v^ = 2fM + {kl") (3.13) 
for some k^ G Z>o and for some /^i G A. 

We consider the summands in which fci =0,1,2 and fc2 = 0, 1, 2 because the other 
ones are generated by products of powers of the generators of these summands. 
We can't consider /ci = 1, /c2 = and ki — 0, k2 — I because otherwise we haven't 
V, = 2^i + (klP). If fci = 2, fc2 = the summand (S'(2p) Vi)^-^ ® (S'(2p)V;j*)'^° ^' is 
generated by a semi-invariant of weight (2, 0, 0), 

i.e. detV{a{a)a). If fc^ = 0, fc2 = 2 the summand (5'(2p)V2)^-^ «) (5'(2p)V"3*)^° 
is generated by a semi-invariant of weight (0,2,0), i.e. detV{(T{b)b). If fci = 
fc2 = 1, by l IXTa and by < l3l3l l, = (2^) or = (I^p). So we have (5(iP)y3* (g) 
Siip)V:;y^"^' = (5'(2P)V3* ® S'(i2p)y3*)'5o^3. Now 

{S^.^^Vif'^''' ® (^(iP)y2)'''^''=^ ® {S(^,2,)V*f^^' 
is generated by a semi-invariant of weight (1, l,0),i.e. det {V{a), V{b)) = det 



Viaia)) 
V{a{b)) 



and (S'( IP ) Vi ) ^1 ig) (^(iP ) 1^2 ) «) (5(2^ ) V3* ) •^^ ^Ms generated by a semi-invariant 
of weight (1, 1, 0), i.e. det V{a{b)a) = det V{a{a)b). Finally if fci = fc2 = 2 the sum- 
mand is 



(V)^l)'''^''' ® (V)^2)^^''^ ® (0%P-2.,24,)y3*)^°^^ 

i=0 



which is generated by the coefficients of (p'^ip'^ in 

/ ^V{a{a)a) V{<j{b)a) 
^ ' V^(CT(a)6) ^pV{a{b)b) 
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semi-invariants of weight (2, 2, 0). In particular for i = we have {det V{a{b)a))^ 
and for i ^ p we have det V{(j(a)a) ■ det V{<j{b)b). 
Sp) The ring of symplectic semi-invariants is 

SpSI{bl'\ph) = (^A(a)^l)''''''^®(^A(6)V2)^^^^®(5A(a)F3*®5,(b)t/3*)«f 
A(a),A(6)eA 

By proposition 1222] we have A(a) = {k\), \{b) — (fcj)/ for some fci, k2 G Z>o, and 
by proposition lA.1.12l we have 

Sikl)Vi ® 5(,.P)T/3* = S^^V; (3.14) 

1=0 

where 



Vi 



(fci + Ai, . . . , A;i + Ap_i, fci, . . . , fci, ^2, . . . , ^2, ^2 - Xp-i, . . . , fc2 - Ai) 



with < Xp-i < ■ ■ ■ < Xi < k2 and for every < i < p. Moreover we have 

{S,.,V*fP^' ^O^ViE EC A. (3.15) 

We consider the summands in which ki = 0, 1 and fc2 = 0, 1 because the other 
ones are generated by products of powers of the generators of these summands. 
Let p be even. If fci = 1, fcs = the summand (S^iP^Vi)'^^^^ (g> (5(1^)^3*)^?'^^ is 
generated by a semi-invariant of weight (1, 0, 0), i.e. pf V{a{a)a). If ki — Q, k2 — 1 
the summand (5'(ip)V2)'^^^^ ^ {S(^ip)V^)^p^^ is generated by a semi-invariant of 
weight (0, 1,0), i.e. pf V{a{b)b). Finally if ki = k2 = 1, the summand is 

p 

(V)l^l)''''''' ^ (^(lP)l/2)^^''= ® (0 V--,l-)^3*)^'"'' 

1=0 

which is generated by the coefficients of cp'^t/j'^ in 

f vV{a{a)a) V{a{b)a) \ 
\ V{a{a)b) i;V{cr{b)b) J ' 

semi-invariants of weight (1,1,0). In particular for i — we have 
det V{a{b)a) = det V{a{a)b) and for i f we have pf V (cr(a)a) • pf V{a{b)b). 
Let p be odd. In this case we can't consider fci = 1, fc2 = and ki — 0, k2 = 
1 because otherwise, by ll315t , (5(ip)T/3)^^^" = 0. Finally if fci = fca h the 
summand is 



'-'(2P-l^»+i) ,14'+^) 

4=0 

which is generated by the coefficients of (/sV* in 

' ipV{a{a)a) V{a{b)a) 



semi-invariants of weight (1, 1, 0). In particular for i = we have det V{a{b)a) 
detV{a(a)b). □ 
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3.1.8 End of the proof of conjecture 11.2.11 and 11.2.21 for dimension 
vector ph 

First of all we note that, by definition of and pf^, when we have it, are not 
zero if = ( dim W. yh) — p{dirnW, h) ~ —v(h, dim W), so we have to consider 
only regular representations W. Moreover it is enough to consider only simple 
regular representations W, because the other regular representations are exten- 
sions of simple regular ones and so, by lemma IB.4.71 we obtain the and pf^ 
with non-simple regular W as products of those with simple regular W. Now 
we check only for A^'f'^ and -D,\'" that the generators foimd for SpSI{Q,ph) and 
OSI{Q, d) are of type , for some simple regular W, and pf^ , for some simple 
regular W satisfying property (Op) in symplectic case and (Spp) in orthogonal case 
(see lemma [1.4.6t . For the other types of quivers it is similar (see also [D, section 
4.1]). 

We use notation of section lBl2l For A^''^'^, by definition of and pf^ , 

Sp) if Visa symplectic representation, we have c-^"(V^) — det{V{vi)) — det{V{vi)) = 
c^i(F), c^^{V) = det{V(v,)) = det(y{v„(^,))) = c^-w (F) for every i e 
{2, . . . , (V) = det{V{a)), c^'» {V) = det{V{u, )) = det{V{ui)) = 

c^i(F), c^'{V) = det{V(u^)) = dei(F(u^(,))) = c-^-(') (F) for every i e 
{2,...,fc}\{| + l}, = det{V{b)) and cv^^^,^{V) = det{i:V{a) + 

O) if V is an orthogonal representation, the only differences with the symplectic 

case are, when p is even, we have pf 2+i{]/) = pf[V{a)), pf 2+'^{y) = 
pf{V{h)) and {V) = pf{i^V{a)+^V{h), in fact E^^^, E',^^ and V^^^^) 

satisfy property (Spp). 

For by definition of c"^' and pf^ , 

Sp) if V is a symplectic representation, we have c^°{V) = del 

det(V^(a), V^(fe)) = c^i(nc^'(^) = = dei(F(c,(,_i))) = c^'«(l^) 

for every i e {2, . . . , 2n - 3}, c^'^<{V) = det{V{a{b)ca)) = det{V{a{a)cb)) = 
c^i(y), c<(F) = det{V{a{a)ca)), 
c^i{V) = det{V{a{b)cb)) and 

r^<.^,^) (V) - dpf f V{a{b)ca) \_ 

c {V)-aety V{a{a)cb) il;V{a{b)cb) J' 

O) if V is an orthogonal representation, the only differences with the symplectic 
case are that we have 

^^)-PJy V{a{a)cb) ^V{a{b)cb) J' 

since V(y_^) satisfies property (Spp) and c^o(F) — det{V{(T{b)ca)) — det{V{a{a)cb)) = 
c^i {V) is the coefficient of ip'^i/j'^ = 1 inp/^('^'*) (F); moreover, if pis even, we 
have pf'^'^-^iV) ^ pf{V{cn^2)), pf^'Hv) = pfiV{a{a)ca)) and pf^" (V) = 
pf(y{a{b)cb)), because E^-i, Eq and i?" satisfy property (Spp). 



/ V{a{a)) \ _ 
I V{a{b)) j - 
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3.2 Semi-invariants of symmetric quivers of tame type 
for any regular dimension vector 

In this section we prove theorems 11.2.11 and 11.2.21 for symmetric quiver of tame 
type and any regular symmetric dimension vector d. 

We will use the same notation of section 3.1. For the type A we call gq — tvi = tui, 
Xi — hvi for every i e {1, . . . , ^} and yi = hvi for every z e {1, . . . , |}. For the type 
D we call ti = ta, t2 = tb and Zi — tci for every i such that q e {Q^ U Q1) \ {a, 6}. 
First we consider the canonical decomposition of d for the symmetric quivers. 
Let (Q, a) be a symmetric quiver of tame type and let A — {ei \ i ^ I — {0, . . . , u}}, 
A' = {e^l ^ e /' = {0, . . . , v}} and A" = {e'l\ i G /" = {0, . . . , w}} be the three 
T+ -orbits of nonhomogeneous simple regular representations of the underlying 
quiver Q (see proposition IB .2 . 7|l . 

We shall call Is = {i G /| = 6ei} (respectively I'g and Ig). 

Lemma 3.2.1. Let [x] := max{z eN\z < x} is the floor ofx e M. 

(1) For AI°'\ we have: 

(1.1) decomposition I = /+ U U /_ where /+ = {2, . . . , | + 1}, = {1} and 
/_ = / \ (/+ U Is); 

(1.2) decomposition /' = U U r_ where = {2, . . . , | + 1}, = {1} and 

i'_=i'\{r+urg); 

(1.3) I" ^ ID. 

(2) For Alf^, we have: 

(2.1) decomposition I ^ 1+ U Is U /_ where 1+ = {2, . . . , [^] + 2}, Is = and 

i-=i\i+; 

(2.2) decomposition r = /^U/^U/i where 1'^ = {2, . . . , [^] + l}, = {1, [^]+2} 
and r_=r\ (/^ U Vg); 

(2.3) I" = 0. 

(3) For v4°'^, we have: 

(3.1) decomposition / = /+ U/^ U/_ where J+ = {2, . . . , [^] + 1}, Is = {I, [^] +2} 
andl^ = / \ (/+ U Is); 

(3.2) decomposition /' = I'_^Ul'gUl'_ where = {2, . . . , + I'g = {1, [^]+2} 
and r_= r\ (/+ U I'g); 

(3.3) I" = 0. 

(4) For a]:], we have: 

(4.1) decomposition / = /+ U/5 U/_ where /+ = {2, . . . , [^] + 1}, Is = {I, [^] +2} 
and /_ = / \ (/+ U J^); 

(4.2) decomposition /' = U U r_ where = {2, . . . , | + 1}, I's = {1} a«d 
7i=/'\(/;u/^); 

(4.3) I" ^ ID. 

(5) For zve have: 
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(5.1) A = ^A' and so I = /'; 

(5.2) I" = 0. 

(6) For {D];°)<"i,wehave: 

(6.1) decomposition / = /+ U U 7_ where 7+ = {2, . . . , [^^] + 1}, Is = {1} and 

I.^I\{I+Uls); 

(6.2) r = I's = {0, 1} and ^ I'^ ^ 0; 

(6.3) decomposition /" = /^^ U /^^ latere /^^ = {0}, I'g' = and I'l = 7" \ 7^. 

(7) For we/iflz^e; 

(7.1) decomposition I = I+UlsUl^ where 7+ = {2, . . . , [^i^] + 1}, 7^ = {1, [^^] + 
2} flnrf 7_ = 7 \ (7+ U Is); 

(7.2) I' = I's = {0, 1} and IL = 1'+ = 0; 

(7.3) decomposition I" = I'luI'!. where I'l = {0}, 7^' = and I'l = I" \ 1']^. 

Proof. We prove (1), (2), (3), (4), (6) and (7). By [DR, section 6, page 40] and by 
[DR, section 6, pages 40 and 46] we note tj^e by type that we have |75| = 0, 1, 2 
(respectively |7^| = 0, 1, 2 and |7^'| = 0). Now 

i) if |75| =0 we have 63 = 6eo, 62 = Sei and = (5e„_i+4 for every i e 
{4,...,[f]+2}, 

ii) if |7^| — 1 we have 62 = Scq, ei = Sei and = (5e„_i+3 for every i G 
{3,.-., [§] + !}, 

iii) if 1 75 1 =2 we have e2 = Seo, e\ = 5ei, = i5e„_i+3 for every i e {3, . . . , [|] + 

l}ande[^]+2 = 

We define 1+ I such that 

i) 7+ = {2,...,[f]+2}4^|7i| = 0, 

ii) 7+ = {2,...,[f] + l}^|75| = l, 

iii) 7+-{2,...,[|] + l}4^|75| = 2. 

So respectively decompositions of 7 of the statement follow. One proceeds simi- 
larly for 7' and I". 

(5) follows by the symmetry and considering [DR, section 6]. □ 

We note that in part (5) of previous lemma we can consider Ig = I- = I'g — 
I'_ = I'J = I'_!_ = I'_l = IJ) and so 7+ = 7 = 7' = 7^. 

Proposition 3.2.2. Let {Q, a) be a symmetric quiver of tame type and let 7+, Is, I\., I'g, 
7" and Ig be as above. Any regular symmetric dimension vector can he written uniquely 

in the following form: 

d = ph+^Pi{ei+ Sci) + P'><'^ + ^ P'M + + P'^""'^ + Pi^i + ^^i') 

i&I+ i£ls iel'j^ iGl'^ i&I'^ 

(3.16) 

for some non-negative p,pi,p'^,p'- with at least one coefficient in each family {pi\ i G 
7+ U 7^}, {p'^\ i G I'^U I'g}, {p'-\ i e 7"} being zero. In particular, in the symplectic case, 
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i) if Q has one a-fixed vertex and one a-fixed arrow (i.e. Q — A^.'^), then jp^i-ij ^ n 
and p[ have to be even, 

ii) ifQ has one or two a-fixed vertices and it has not any a-fixed arrozvs (i.e. Q — A^f^ f 
or Dn^), then both p/s and p'-'s, with i e I5 and j e I'g, have to he even. 



Proof. It follows by lemma 13.2.11 and by decomposition of any regular di- 
mension vector of the underlying quiver of (Q, a). In particular, since symplectic 
spaces with odd dimension don't exist, it implies i) and ii). □ 

Graphically we can represent A (similarly A' and A") as the polygons 

Co ei 

eti 62 
ei+2 ei_i 
e-i+i — Ci 

if g = All ^"'^ 




ei 



ei 



62 



5e2 



62 



(562 

'5e[t]+i 



[tl+2 



] + l 



■ 5e\ 



]+i 



]+2 



with a reflection respect to a central vertical line, in the other cases. 

Definition 3.2.3. We define an involution aj on the set of indices I such that 6^^ (i) — Set 
for every i e I. Hence aj{I) = I' for and ail+ — I^, ajls = hfor the other cases. 
Similarly we define an involution ai> and an involution a in respectively on I' and on I". 

Lemma 3.2.4. (1) For ^4^'°'^, no one indecomposable regular representation is orthogonal. 
The following indecomposable regular representations are symplectic 

(1.1) Ei^cr,(i) such that YlV^^f ^ h and Ei^cri{i) of dimension h containing Ei_^^. 

(1.2) E[ ^, such that Y^-^lt^ ^'k 7^ ^ ^'i a' (i) of dimension h containing Ei^^. 

(2) For no one indecomposable regular representation is orthogonal. The following 

indecomposable regular representations are symplectic 

(2.1) such that J2k=i^ 7^ h, E^ ^^^j^i) of dimension h containing Eq and 

^i,<Ti{i) of dimension h containing E^i+i^^^. 

(2-2) El.,i.^suchthatj:Zl'K',^h. 
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(3) For no one indecomposable regular representations is symplectic. The following 
indecomposable regular representations are orthogonal 

(3.1) -E'i,aHi) ^^^^ ^^'^^ Yfk=i h. 

(4) For the following indecomposable regular representations are orthogonal 

(4.1.1) -Bi.CTj(i), with i < (Ti{i), such that Y^'^'Jl^ Ck 7^ h. 

(4.1.2) El^^^^^y with i > ai,{i), such that 4 ^ h. 

The following indecomposable regular representations are symplectic 

(4.2.1) Ei^^j^^i), with i > ai{i), such that YTklf &k i^ h. 

(4.2.2) E^^^^f^^, with i < ai,{i), such that X^^f^f'^ e'j. 7^ h and with i < ar{i), 
of dimension h containing E'^ . 

(5) For ^fcfc, no one indecomposable regular representation is symplectic or orthogonal. 

(6) For (i)^'")*^^, no one indecomposable regular representation is othogonal. The fol- 
lowing indecomposable regular representations are symplectic 

(6.1) -^^^^^(i) such that J2k=i^ ^k¥^ h and of dimension h containing 

(6.2) ElyandE[. 

(6.3) E'l^andE'lo. 

(7) For no one indecomposable regular representation is symplectic. The orthog- 
onal indecomposable regular representations are 

(7.1) Ei^^^^i) such that Efei^-' ek ^ h. 

(7.2) E(^andE[. 

(7.3) E'l^andE'lo. 

Proof We check only part (1.1), similarly one proves the other parts. Let Q = 
The only Eij such that S dim Ej j = dim Ej j are Ei^^^^iy We have three 

cases. 

(i) If Yl'k=i' ^k^h and i < ai{i) then we have for j e Qo 

p ( — f ^ ^ — ^s,cr{xs) with i — 1 < s < I 
Ha,{i)[J) - <, otherwise 



and for c e Qi 

So we note that we can define on such -Bi,cr/(i) a sjonplectic structure. 



Id c = Vs,i7{vs), a with i < s < ^ 
otherwise. 
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(ii) If YlV^i 7^ h and i > ai{i) then we have for j e Qq 



p / -N ] j = Xs,cr(xs) with i < s < I 
J^i,a J i^)U) \ ]g Otherwise 



and for c e Qi 



_ J c — Vs,(j{vs), a withi < s < 



I 



Id otherwise. 



So we note that we can define on such Ei^„j(^i-^ a symplectic structure. 

(iii) If Sk — h and E^^^^ (,) contains Ei^^, then, by AR quiver of Q, we note 

the following almost split sequence 

— > ) — > Ei^^^(,) e ^^.<yia) — ^ ^^,a(^)-i — ^ 0- 

So we have for every j e Qq, Ei^cri(i) (j) — IK and for c e Qi 



c = a 

Id otherwise. 



Finally, we note that we can define on such -B^ crj {i} a symplectic structure. □ 
In the remainder of the section, we shall call 

d! = Me, + Sei) + Y,p.,e,+ Y, p',ie',+6e'^ + Y,P'.e'.+ T. P"(^'^+^^"y (3.17) 

iei+ ieis iei'j^ ieij^ iei" 

Proposition 3.2.5. Ifd is regular with decomposition ( I3.16l > such that d — d' or d is not 

regular then SpRep{Q, d) (respectively ORep{Q, d)) has an open Sp{Q, d)-orbit (respec- 
tively 0{Q, d)-orbit). 

Proof. If d = d', we have no indecomposable of dimension vector ph and so 
there are finitely many orbits. If d is not regular, it follows from [R2, theorem 3.2]. 
□ 



In the next d shall be a regular symmetric dimension vector with decomposition 
( |3.16t with p > I and p 0. Now we shall describe the generators of SpSI{Q, d) 
and OSI{Q, d). To do this the following theorem, which we prove later, is useful. 

Theorem 3.2.6. Let {Q, a) be a symmetric quiver of tame type and the decomposition 
(I3.26P of a regular symmetric dimension vector with p > \ and d' ^ 0. There exist 
isomorphisms of algebras 

SpSI{Q,d)'^ SpSI{Q,ph)^(S)SpSI{Q,d')^, (3.18) 

Xechar(Sp(Q,d)) 

and 

OSI{Q, d) 5^ OSI{Q,ph)^ (g) OSI{Q, d')x' , (3.19) 

Xechar(0(Q,d)) 

where x' — x\d', ihe restriction of the weight x to the support ofd'. 
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By proposition 13.2.51 Sv(Q. d') (respectively 0{Q,d')) acting on SpRep{Q,d') 
(respectively on ORep{Q, d')) has an open orbit so , by lemma p\. 2. 51 dimension 
of SpSI{Q, d')^' (respectively dimension of OSI{Q, d')y) is or 1. This allows us 
to identify one non-zero element of SpSI{Q, d)^ (respectively of OSI{Q, d)^^) with 
the element of SpSI{Q,ph)^ (respectively of OSI{Q,ph)^) to which it restricts. 
We proceed now to describe the generators of the algebra SpSI{Q, d) (respectively 
OSI{Q,d)). If the corresponding /, /', /" are not empty, we label the vertices 
Ci, e-, e" of the polygons A, A', A" with the coefficients Pi, p[, p'l- We recall that 

a) we have to label with pi (respectively with p[ and p'l) both vertices and 
(5e„i.ep, = Pa,{i) (respectively p', =P<(i) and p'/ = p;;,,^.)), if ^ 5e,. 

and in the symplectic case, by i) and ii) of proposition 13.2.21 

b) for A]:\, P[:|]+2 and p'^ have to be even, 

c) for and D'^^, pi e Is and p'^ € Ig have to be even. 

We shall call these labelled polygons respectively A{d), A'{d), A"{d). 

Definition 3.2.7. We shall say that the labelled arc Pi — — Pj (in clockwise ori- 
entation) of the labelled polygon A{d) is admissible if pi — pj and pi < pkfor every its 

interior labels pk- We denote such a labelled arc Pi — — Pj by and we define 

Pi = Pj the index ind[i,j] of Similarly we define admissible arcs and their indexes 
for the labelled polygons A'{d) and A"{d). 

We denote by A{d), A'{d), A"{d) the sets of all admissible labelled arcs in the 
polygons A{d), A'{d), A"{d) respectively. In particular we note that \{ d ~ ph, 
then the polygons A{d), A'{d), A"{d) are labelled by zeros and so A{d), A'{d), 
A"{d) consist of all edges of respective polygons. With these notations we have 
the following 

Proposition 3.2.8. For each arc [i,j]from A{d) (respectively A'{d) and A"{d)) there 
exists in SpSI{Q, d) and in OSI{Q, d) a non zero semi-invariant 

(i) of type c^^-i-^ (respectively c^' j-i and c^^.i-^) or of type c^(v.^) , with (v?, V') G 
{(1,0), (0,1), (1,1)}; 

(ii) of type pf^^-i-^ (respectively p/^'^-i and p/^' j-i) or of type pf'^iv^^) , with 
i^,^) e {(1,0), (0, 1), (1, 1)}, ifE,,j-u El^_,, El^_^ and satisfy prop- 
erty (Op) in the symplectic case and property (Spp) in the orthogonal case. 

Let Co, . . . , Cf, with t — | and p, defined case by case in section 3.1. The 
generators of algebras SpSK^Q, d) and OSI{Q, d) are described by the following 
theorem 

Theorem 3.2.9. Let {Q,d) a symmetric quiver of tame type and d = ph + d' the de- 
composition of a regular symmetric dimension vector d with p > 1. Then SpSI{Q, d) 
(respectively OSI{Q, d)) is generated by 

(i) Co, ... , ct; 

(ii) c-^-'J-i, c-^''--=-i, c-^*'-"-! and c^^^-^'> with e A{d), [r, s] e A'{d), [t,m] e 
A"{d) and (^, ^)e {(1,0), (0,1), (1,1)}; 
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(in) pf^^-'-\ p/^^-=-i, pf^""^-^ and pf^>.^'^) with e A{d), [r,s] e A'{d), 

[tM ^A"{d) and (ifi,^) e {{1,0), (0,1), (1,1)}, if E,^,^,, El^_„ El[^_, and 
^{ip,4:) satisfy property (Op) (respectively property (Spp)). 

First we note that {h,d) =0 and further we have the following 

Lemma 3.2.10. For every regular dimension vector d 



Proof. See [D, section 4.3]. □ 
So theorem l3.2.9l is equivalent to conjectures ll.2.1l and ll.2.2l 

3.2.1 Proof of theorem l3X9l and 13X6) 

In this section we prove the theorem 13.2.91 and theorem 13.2.61 For theorem 13.2.91 
by proposition 1 1 .3 . 8l proposition 11.3.4] and lennma ll. 3.141 we can reduce the proof 
to the orientation of A as in proposition II. 3. 8] and to the equiorientation for D. In 
the proof we use the notion of generic decomposition of the symmetric dimension 
vector d (see [Kl], [K2], [KR]). 

Definition 3.2.11. A decomposition a — I3i (B ■ ■ ■ (B (3q of a dimension vector a is called 
generic if there is a Zariski open subset U of Rep{Q, a) such that each U <^U decomposes 
in U = 0,^^i Ui with Ui indecomposable representation of dimension Pi, for every i e 



Definition 3.2.12. (1) A decomposition a — (3i ® ■ ■ ■ (B Pq of a symmetric dimen- 
sion vector a is called symplectic generic if there is a Zariski open subset U of 
SpRep{Q, a) such that each U & U decomposes in U = 0^^^ Ui with Ui inde- 
composable symplectic representation of dimension Pi, for every i & {1, . . . ,q\. 

(2) A decomposition a = Pi (S) ■ ■ ■ (B Pq of a symmetric dimension vector a is called 
orthogonal generic if there is a Zariski open subset U of ORep{Q, a) such that 
each U £ U decomposes in U = 0^^^ Ui with Ui indecomposable orthogonal 
representation of dimension Pi, for every i e {1, . . . ,q}. 

For tame quivers the generic decomposition of any regular dimension vector 
is given by results of [R2, section 3]. 

We describe this decomposition explicitly for a symmetric regular dimension vec- 
tor d with decomposition | |3.16| |. 
In the remainder of this section we set 



{dimEij-i, d) = -i^ pi ^ Pj. 



{l,...,q}. 




(3.20) 




'+ 



(3.21) 




(3.22) 
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Remark 3.2.13. (i) We remember that at least one coefficient in each family {pi\ i e 
/+ U Is}, {p',\ i^I'+U I's), {p'l\ I e I'f} is zero. 

(ii) We can assume p-i = 0/or i ^ Is or pi — O,for i e I+, and so p^^ ( j) = 0. 
Definition 3.2.14. We divide the polygon A (J) in two parts: 

(i) the up part A„p(d) is the part of A{d) from pi^i to p^j (i-i)/ 

(ii) the down part Adownid) is the part of A{d) from p^+i to p^j (i+i)- 
Similarly for A' and A". 

Remark 3.2.15. We note that ifpi — with i G Is, then we have only the part A^p or 
the part Adown- 

We consider A, similarly one proceeds for A' and A". 

Definition 3.2.16. We shall call symmetric arc, an arc invariant under aj, i.e. an arc of 
type [i,<Ji{i)]. 

Remark 3.2.17. By the division of A in A^p and Adown, we note that all symmetric arcs 
pass through the same a j -fixed vertex of A or through the same a j -fixed edge of A. 

Lemma 3.2.18. Let {Q, a) he a symmetric quiver of tame type. 

(i) Ifn = ai{n) then either there exists unique x <E such that e„(a;) ^ or there 
exists unique a ^ Q1 such that e„ {ta) ^ 0. 

(ii) If n — ai{n) is a a i -fixed edge in A, then there exists unique a £ Qf such that 
e„(to) ^ 0. 

Proof. One proceeds type by type. We consider Q = A^jfi^ since for the other 
t5rpes one proves similarly. 

(i) By lemma 13.2.11 the only ct/ -fixed vertex of A is 1 and h is the unique arrow in 
Ql such that ei(i6) ^ 0. 

(ii) The only cr/ -fixed edge of A is 5 + 1 — cr/(| + 1) and a is the unique arrow 
in Ql such that e^j^^{ta) 7^ 0. □ 

Definition 3.2.19. (i) If n — (7i{n), we call xiji) the unique a; e Qg such that 
en[x) ^ 0. 

(ii) If n = (Ti{n) or n — o-/(n) is a aj-fixed edge in A, we call a{n) the unique 
a ^ Ql such that e„{ta) 7^ 0. 

Definition 3.2.20. for every arc in A, we define 

fce[ij] 

Definition 3.2.21. (i) A+{d) -.^ e A(,d)\ [i^j] C /+} 

(ii) AX{d) := e A{d)\ C I+.ind[i,j] = k}. 

(in) Al^{d) = = ai[i,3] e A{d)\ ind[ij] = k}. 
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Remark 3.2.22. C /+ ifandonlyif[ai{j),(Ji{i)] C /- andind[i,j] — ind[ai{j),aj{i)]. 

First we consider all the admissible arcs in A^^ (d) U {d) such that r = 
maxlpk}- So we get 

= ^ pi{ei + 6ei) + ^ piSi = 

( \ 



ie/a 



y»,j]e^;(d) [«,<THi)]e-4s^(rf) ^ 

(3.23) 

where max (pi) = r — 1. Then we repeat the procedure for | |3.23t and so on we have 



Piiei + Sei) + ^ Pi 



fc=l \[ij]e.A^(d) [i,aj(t)]eA!;^{d} 



(3.24) 



Remark 3.2.23. (z) If and are two admissible arcs in A{d) such that D 
[i', j'], f/zen ind[i, j] < ind[i',j']. 

(ii) If there not exists € A'^j{d)UA'l{d) such that D [i', j'] for some e 
A^^{d) U yl^(J), then the symmetric dimension vector corresponding to 
appears k-times in the decomposition ( I3.24l >, with 1 < h < k. 

Definition 3.2.24. Let ■ ■ ■ , [ik,jk] be the admissible arcs such that 3 

••• D [ik.ik], with k > 1. We define q[i^^j^] = ind[ih,jh] - ind[ih-i,jh-i] for ev- 
ery 1 < h < k, where ind[iQ, io] — 0. 

We note that for every e A^^{d) U A\{d), q^^j^ is the multiplicity of the 
symmetric dimension vector corresponding to [i, j] in the decomposition | |3.24| |. 
Finally we have 

^ Pi{ei + Sci) + ^ piCi = 
(e[.,.HOl)®''"-""- (3-25) 

[i,j]eA+(d) li.ai(i)]eA(d) 



Example 3.2.25. If A is of the form 

ei = 5ei 



(3.26) 



62 



2 - e^,(2) 



63 



3 - eai{3) 



64 — (5e4 
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and pi = 2, p2 = 3, P3 = and p4 = 2, then [2, ct/(2)] = {2, 1, ct/(2)} c /+ U U 
J_ li^zY/z g[2,a,(2)l = inrf[2, (7/(2)] = 2, [2,2] = {2} e /+ i^zY/z = ind[2,2] - 

ind[2, CT/(2)] = 1 and [4, 4] = {4} e wzY/; 4] = md[4, 4] = 2. So we have 

^ pj(e, + 5ei) + ^ = ((62 + 5e2) + ei)®^ (ea + (5e2) ® (64)®^ 

Similarly we proceed with the decomposition of d' and d" . So we have the 
following 

Proposition 3.2.26. Let (Q, a) be a symmetric quiver of tame type and let dbe a sym- 
metric dimension vector of a representation of the underlying quiver Q with decomposition 
(ElDl. Then 

d = ^h+ (e[,:,,]+5e[,,])®''[-l+ (e[,_,^(,)])®^U.^.(.)l + 

[i,MA'l{d") [i,a,„{i)]eA"{d") 

is the generic decomposition ofd. 

We restrict to dimension vectors of regular symplectic representations and of 
regular orthogonal representations. We modify generic decomposition Il3.27t of 
d = {di)i^Qg to get symplectic generic decomposition of d or orthogonal generic 
decomposition of d. 

Let be an arc in A„p and let [h, k] be an arc in Adown- If ^[ij] is the regu- 
lar indecomposable symplectic (respectively orthogonal) representation of {Q,a-) 
corresponding to [i,j] and i?[;i,A;] is the regular indecomposable symplectic (respec- 
tively orthogonal) representation of {Q, a) corresponding to [h, k], then 

HomQ{E[^^j],E[h^k]) = = HomQ{E[h^k],E[i^j]) 

and 

-E^2;*Q('S['i,j]-£^[h,/c]) = = ExtQ{E[i^t:\,EY,.j]^). 

So we deal separately with A„p and Adown- We consider / = /^^ U jdown^j^ ^ 
jup ^ jdown ^ jup ^ jdown^ -^g ^YSiYe the dccomposition d = dup + ddown, 

where 

= ^ Pi(ej + (5ej) + ^ piCi (3.28) 

iG/;" iG/,"" 

and 

^ Pj(ei + (5ei)+ ^ p^e^. (3.29) 



^down 



By what has be said, the symplectic (respectively orthogonal) generic decomposi- 
tion of d is direct sum of the symplectic (respectively orthogonal) generic decom- 
position of dup and the symplectic (respectively orthogonal) generic decomposi- 
tion of ddown- 
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Remark 3.2.27. (i) In the symplectic case, since has to he even for every x £ Qq, 
we have to modify the symmetric dimension vectors corresponding to the arcs pass- 
ing through the aj-fixed vertex n such that there exists x = x{n) e Qq such that 

en{x) ^ 0. 

(ii) In the orthogonal case, we have to modify the symmetric dimension vectors corre- 
sponding to the arcs passing through the aj-fixed vertex n such that dta(n) is even 
and those corresponding to the arcs passing through the a j -fixed edge n — (T/(n) 
such that dta(n) even. 

(Hi) We have to modify also ph + e[j o-i(i)]/ ^ith p odd, if [i,<7i{i)] is like in part (i) 
(respectively part (ii)), since h + ejj crj(i)] is the dimension vector of regular inde- 
composable symplectic (respectively orthogonal) representation. 

Definition 3.2.28. (i) = {[i,j]e A{d)\ c /"p}. 

(ii) AT{d)^{[t,j]eA{d)\ [z,j]c/7}. 
(Hi) = {[ij] e A{d)\ [ij] c 7'^°'""}. 

(iv) A'l°'""id) = e Aid)\ c 7^°"'"}. 

Let d = dup + ddown be a regular symplectic dimension vector. We consider 
Aup. A„p contains either a ct/ -fixed vertex n„p or a cr/-fixed edge i^up — cr/ (n„p) . 
Starting from generic decomposition | |3.27t of dup we modify it as follows. 

(1) We keep the summands {e[ij] + Se^ij^ j] corresponding to the arc [i, j] C 

■ 

(2) If Tiup is such that there exists a = a(n„p) e Qi, then we keep the summands 

(e[i,cr/(i)])®''' ''^''" corresponding to the symmetric arcs [i, ai{i)] of A^p. 

(3) If Uup is such that there exists x = x{nup) G Qf), we have the symmetric 
dimension vectors 

6[ii,cr7(ii)]i • • • I ^[i2s,o"/(i2s)] 

corresponding to the arcs [ii,ai{ii)], . . . , [«2s, o'/(*2s)] such that [zi, (T/(zi)] 3 
• • • ^ [«2s, o'/(*2s)]- Then we divide them into pairs 

([j2fc, cr/(i2fc)], [i2fc-i, cr/(i2fc-i)]), 

with 1 < fc < s. For each pair we consider [j2fe, cr7(«2fc-i)] U [i2fc-i, o'/(*2fc)] 
and we substitute e[,^^,<,,(,^^)] © e[,,,_^,^,(,,,_^)] for 

So, by equation l3.25[ in the symplectic case we get 
(i) if riup is such that there exists a = a{nup) G QI, 

dup^ (e[,,,]+<5e[,,,])®«i'-i+ (e[,,,,(,)])®^i-.("i; (3.30) 
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(ii) If such that there exists x — x(nup) G Qq, 

s 

dup = (e[.,j] + <5e[,j])®«[-^i + 0(e[^,,,<.,fe,_,)] + e[i,,_,,^,fe,)]). 

(3.31) 

Similarly one proceeds for Adown- 

Finally we have to modify like in (3) the dimension vector ph + e^i ^-j (i)] if P is odd 
and [i, cri{i)] passes through n^p such that there exists x — x{nup) & Qq- 

Example 3.2.29. Let {Q, a) be the symmetric quiver g. We recall that xi_ = a{xi). 
A has the form II3.26P . 

As in example \3.2.25\ let pi = 2, p2 = 3, ps = and p4 = 2. The aj-fixed vertex 4 is such 
that ei{xL) 7^ 0. The only symmetric arc passing through 4 is [4, 4]. Thus we substitute 
(ei)®^ for 2e4. So, in the symplectic case we get 

K(e^ + 5e,) + p,e, = ((ea + (Jea) + ei)®^ © + 5e2) ® 2e4. 

Similarly we proceed with the decomposition of d! and d" . 
Let d — dup + ddown be a regular orthogonal dimension vector. We consider A„p. 
Starting from generic decomposition Il3.27t of dup we modify it as follows. 

(1) We keep the summands (e[j + (Je^j corresponding to the arc C 

jup 

^+ ■ 

(2) If Tiup is such that there exists a = a{nup) G Ql such that dta is odd or 
Hup is such that there exist x = x{nup) G Qq, then we keep the summands 
(e[i,cr/(i)])®''' ''^''" corresponding to the symmetric arcs [i, cr/(i)] of A„p. 

(3) If n„p is such that there exists a ~ a(n„p) e QJ' such that dta is even, we 
have the symmetric dimension vectors 

6[ii,CT7(ii)] I ■ ■ ■ 7 6[i23.o-j(i2a)] 

corresponding to the arcs . . . , [i2s, cr/(i2s)] such that [ii, (T/(ii)] D 

• ■ ■ 3 [i2s, CT/(i2s)]- Then we divide them into pairs 

([»2fe,0-/(i2fe)], [i2fc-l,0-/(i2fe-l)]), 

with 1 < /c < s. For each pair we consider [i2fe, o-/(«2fc-i)] U [«2A:-i, o-/(z2fe)] 
and we substitute e[i^^,^^,(,3^)] ® e[,,,_^,„,(,,,_^)] for 

So, by equation |3.25[ in the orthogonal case we get 

(i) if Tiup is such that there exists a — a{n.up) £ Ql such that dta is odd or n„p is 
such that there exist x — x{nup) £ Qq, 

dup = + <5e[,,,.])®^[-l + (e[,,.,(,)])®^[-.wi ; 

(3.32) 
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(ii) if jiup is such that there exists a — a{nup) G Ql such that dta is even, 

s 

dup = (e[ij] + (5e[,^j])®«H.Jl + 0(e[i,,,<,,(i,,_i)] + e[,2,_i,<Tzfefc)])- 

(3.33) 

Similarly one proceeds for Adown- 

Finally we have to modify like in (3) the dimension vector ph + ej^ if P is odd 
and [i, (7i{i)] passes through n„p such that there exists a = a{nup) € Qi such that 
dta is even. 

Example 3.2.30. Let {Q, a) he the symmetric quiver A\'\. We recall that b = <j{b). A 
has the form ( 13.261 ). 

As in example \3.2.25l let pi = 2, p2 = 'i, ps = and p^ = 2. The aj-fixed vertex 1 is 
such that ei{tb) and dtb is 2. The only symmetric arc passing through lis [2,cr/(2)]. 
Thus we substitute ((e2 + 5e2)) + ei)®"^ for 2((e2 + 5e2)) + ei). So, in the orthogonal 
case we get 

p,{e, + 5e,) + p,e, = (64)®^ ® (ez + 5e2) ® 2((e2 + 8e2) + ei). 

Similarly we proceed with the decomposition of d' and d" . 
In general we have 

Proposition 3.2.31. Let {Q, a) be a symmetric quiver of tame type. 

(1) If d is a regular symplectic dimension vector with decomposition i3.16t . Then 

p 

d = h (B dup (9 ddown © d'up ® ^dotun ® d'up ® d'^own (3.34) 

2=1 

is the symplectic generic decomposition ofd. 

(2) If d is a regular orthogonal dimension vector with decomposition (I3.26P . Then 
(im . Then 

p 

d = h ® dup ® ddown ffi d'u^p ffl d'doum ® d'up ® d'doujn (3.35) 

2=1 

is the orthogonal generic decomposition ofd. 

For the proof, we need two propositions. We state and prove these proposi- 
tions only for regular indecomposable symplectic (respectively orthogonal) repre- 
sentations related to polygon A, because for those related to polygon A' and to 
polygon A" the statement and the proof are similar. 

Proposition 3.2.32. Let (Q,cr) be a symmetric quiver of tame tape. Let Vi ^ V2 be 
two regular indecomposable symplectic (respectively orthogonal) representations of {Q, a) 
with symmetric dimension vector corresponding respectively to the arc and the arc 
[h, k] of A (A' or A"). Moreover we suppose that [i, j] and [h, k] don't satisfy the following 
properties 

(i) [i, j] n [h, /c] 7^ and [i, j] doesn't contain [h, k]; 
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(ii) n [h, fc] 7^ and [h, k] doesn't contain 

(in) [i, j] and [h, k] are linked by one edge of A (respectively A' or A"). 
Then Extl^{Vi,V2) = 0. 

Proof. We restrict to decomposition dj — J2iei+ Pli^i + 5ei) + X^is/^ Pi^*' 
j — 1,2. We have nine cases: 

(1) Vi = Ei^„j(^i), V2 = £^i,CT_f(j) ^"^^ ^1 = ^-yiU),]' ^2 = withi, j e /+U/5. 

(2) Vi = ^2 = E„^(j),j and Vi = E^^i^j)^, V2 = Ei,„^(i) withi, j e /+ U/^ 
such that i > i + 

(3) = Ei^j ® E^j(_j-)^^j(^i), V2 = Ef,^cri{k) and Vi i?fc,o-j(fc), "V2 = -E'ij ® 
Ea,{j),a,(i) with i, J, A; S /+ U such that either j > /c + 1 or fc > i. 

(4) = Ei^j®Ecj[j)^aj[i), V2 — or Vi = i?CTi(A;),fe/ ^2 = -^-i J ® -^(Tj (j) .ct/ (j) 

with i,j,kEl^Uls such that either j > /c or A; > i + 1. 

(5) = ® and V2 = Eh.k © ^^^.(/c),,^^'^) with i, j, k,h e I+Ulg 
such that either /c < j and i < hor k > j and i > h. 

(6) Vi = E^.aiij) ® ^j,<Tj(i)' ^2 = Eh,ai(k) ® Ek,ai{h) and Vi = E„j(^j)j E^^^i^j 
and = E^^(^k),h ® ^i*^ J'' ^ S /+ U /a. 

(7) Vi = i^i^a^O") © ^i.<TK»)' ^2 = E^^(k),k (resp. Vi = E^^(^k)M, V2 = -E.^^^q-) ® 
Ej,ai{i)) with fc e /+ U such that fc > i + 1 and i > j and Vi = 
EaiU),i © ^^ctHO J' ^2 = Ek^aiik) (resp. Vi Ek^ai(k), V2 = -E^^o^j © j) 
with i, j, fc G /+ U such that i > fc + 1 and i < j. 

(8) Vi = Ei ,jj(^j)(SEj ,jj^i), V2 = Eh,k®E^j(^k),ai(h) (resp. V"i = Eh^k®E„^(k),ai(h), 
V2 — © Ej ,jj(i)) with fc e /+ U /a such that « > j and either 
k>i + lovi>h and = -E^.o),^ © E^^^o,,, V2 = Eh,k © E„^(k),a,(h) (resp. 
Vi = £'/i,fe © E„^(k),ai(h), V2 = E„j(j)^i © j) with i, j, A; e /+ U such 
that j < :/ and either k>i or i>h + l. 

(9) V^i = © i;^, ^,(,) and V2 = E„^(k).h © -E^H/^O-fc (^esp- V^i = -B^Kfc).'^ ® 
Ecr,{h),k and ^2 = ^i.cr^O) © Ej,cn{i)) with i, j, fc e /+ U such that h > i + 

i > j and h < k. 

We consider (1). By [D, lemma 4.1], 

HomQ{Ei,jj^i),Ejc,j(^j)) = = HomQ{E^j(^jjj,E„j^iji) 
and by lemma |RZ9l 

{ dim iEi „, (,)'), dim (E, „, = = { dim (E„^ (j-, j), dim (E„^(^,\ A) . 
So we get 

ExtQ{E^,^j(i),E.j^„j(j)) = = i;rfQ(£;^^(j)j,i;CT^(i)^j). 

Similarly for (2), by [D, lemma 4.1] and by lemma lRZ9l we get i;xt^(Vi, V2) = 0. 
We consider (3). We suppose > fc + 1. By [D, lemma 4.1], we have 

HomQ{Ei^j,Ek,ai{k)) = = HomQ{E^j(^j^^^j(^i),Ek,aiik)) 
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and so 

HomQ{Eij © -Efc,c7j(fc)) 

Moreover, by lemma IB. 2. 91 

(dim(Ei j ) . dim(Ei. „^ (t.) = = (dim(E„^ „, ) , dim(Ei. „^ (t.) )) 
and hence 

(dim(Erj ® E„i{j),ai{i)),dim{Ek,ai(k))) = 
{MlR{E^j),dim{Ek,a,(k))) + {Mm{Ear(j),a,(t)),dim{Ek^c,,(k))) = 0- 
So we have 

ExtQ{Ei,j ® Ec,j(j)^cr,(i),Ek^ai(k)) = 0. 

Similarly to (3), one proceeds for the other cases. □ 

Proposition 3.2.33. Lef (Q,cr) foe a symmetric quiver of tame tape. Let V he a regu- 
lar indecomposable symplectic (respectively orthogonal) representation of {Q, a) such that 
dim (V) — hor d. Moreover we suppose V ^ Eij '^CTi(j),(Ti (i) i, j e /+ such that 
ei{ta) =^ or ej{ta) ^ Ofor a e QJ. Then, for every non-trivial short exact sequence 

Q ^Q, 

W is not symplectic (respectively it is not orthogonal). 

Proof. We give a proof for {Q ~ l^'^j f) for the symplectic case, one proves 
similarly the other cases. 

(i) Let dim (V) = h. By lemma l3.2.4i the regular indecomposable symplectic rep- 
resentation of dimension h is £"^,^^(1) containing i e. the representation V 
defined by V{x) = K for every x E Qq and 



V{c) = 



if c = a 
Id otherwise, 



for c e Qi. 

By [D, lemma 4.1], HomgiV, V) = K and since {h, h) = 0, then Ext\^{V, V) = K. 
One non-trivial auto-extension of ^ is defined by W{x) = for every x e Qq, 
and 

''01 




W{c) 



1 
1 



otherwise. 



for cE Qi- Finally we note that W is not symplectic, because W{a) is not symmet- 
ric. Since ExtQ{V, V) = K, the non-trivial auto-extensions of V is not symplectic. 
(ii) Let dim (V) = d. The only regular indecomposable symplectic representa- 
tions which we have to consider are Ei^^^jQ-^ Ej_„j(^i-^ and E^^^j^^i © E^^^iYj with 
i,j e I+Uh. 

Let V = e with j < i. 

K if a; e {xr\ em{xr) 7^ 0, m e {j + 1, . . . , i}} 
V{x) = V{(j{x)) { if a; G {xrj em(a:r) = 0,m e /+} 
otherwise 
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for X E Qo and 

V{c) = -V{a{c)) 



1 if c e {Vr\ em{tvr) ^0, m G + 1, . . . , l}} 

t ) (1, 1) if C = Vr S.t. ej{tVr) 7^ 

if c e {wri em(tur) = 0, TO e /+} U {a} 

^^2x2 otherwise 



for ce and 1/(6) = /d2x2- 
By [D, lemma 4.1], 



)) = 3 



and by lemma |B.2.9[ 



So we have 
Let 



A 



/ 1 1 \ 

1100\ JR_ 0100 
Q Q ^ ^ j and i^- 10 

\ 1 / 

One non-trivial auto-extension ly of V is defined by 



W[x) = W{a{x)) 
for x e Qo and 

W{c) = ~W{ct{c)Y = 



if a; e {x^l em{xr) 7^ 0, m e { j + 1, 
if a; e {x,. I em(a;r) = 0, TO e /+} 
otherwise 



^2x2 if C e {Vr\ emitVr) ^0, TO G { j + 1 , . . . 

A ii c = Vr s.t. ej(tvr) 7^ 

if C e em{tVr) = 0, TO G /+} U {a} 

Id4x4 otherwise, 



,0} 



for c e and 1^(6) = S. Finally we note that W is not symplectic because W{b) 
is not symmetric. Since ExtQ{V, V) = K, this concludes the proof for {Af,'^'^,a). □ 



Proof of \3.2.31\ (1) Let be a symplectic regular dimension vector with decom- 
position Il3.34t . First we note that the symmetric dimension vectors appearing in 
decomposition 113.2. 311 are not dimension vectors of the regular indecomposable 
symplectic representations which are exceptions of proposition 13.2.321 and 13.2.331 
Let 0{d) be the open orbit of the regular symplectic representations of dimension 
d. By [Bol] and [Z], we obtain each representation V in 0{d) as follows. 
There are representations Mi, Ui, Vi and short exact sequences 



^ C/, ^ Mi 







such that Mi+i ^U^QVi and V = Un+i ® K+i, with 1 < i < 7i for some n e N. 
By propositions 13.2.32] and I3l2 .331 we have 
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(i) If U, ^ V„ then Ext]^[V^, U,) = 0. 

(ii) If Ui — Vi, then either ExtQ{Ui, Ui) = or no one non-trivial auto-extension 
of Ui is symplectic. So, if ExtQ{Ui, Ui) ^ then Ui doesn't appear in decom- 
position of a symplectic representation. 

Hence V decomposes in regular indecomposable symplectic representations of di- 
mension (3i, where (3i are regular symmetric dimension vectors appearing in de- 
composition (I3.34t of d. 
(2) One proves similarly to (2j. □ 

Let c? be a regular symmetric vector with a decomposition | |3.34t or (|3.35t . We 
note that if d = di + d2 with di and ^2 summands of this generic decomposition, 
we have canonical embeddrngs 

SpSI{Q,d)^ SpSI{Q,di)^^^^^SpSI{Q,d2)^,^ (3.36) 

Xechar{Sp{Q,d)) 

and 

05/(Q,d)*^ 0SI{Q,di)^^^^^0SI{Q,d2)x,^, (3.37) 

Xechar{0(Q.d)) 

induced by the restriction homomorphism. We prove theorem 13 . 2 .9 1 by induction 
on the number of the summands e;,; +(5e[i jj, e[i^^j(i)], e[i^k^ai(i2t,_i)]+e[i2k-i.cr,{i2k)] 
and respective summands corresponding to the admissible arcs in A'{d) and in 
A"{d). If this number is 0, then d — ph and it was already proved. We suppose 
that the generic decomposition of d contains one of those summands and, without 
loss of generality, we can assume that this summand is one of those correspond- 
ing to the arcs in A{d). In particular we suppose that this summand is ej^ ^i(s)] 
(one proceeds similarly for the other types), with s G /+ U Is, and we can assume 
ind[s,ai{s)] = r = max{pk}. We call d2 = e[s.ai{s)] arid so di = d — e[s,ai{s)]- 
Now we compare the generators of the algebras SpSI{Q, d) and SpSI{Q, di) (re- 
spectively OSI{Q, d) and OSI{Q, di)). By induction the generators of SpSI{Q, di) 
(respectively of OSI{Q, di)) are described by theorem [3. 2. 9 1 Since A'((i) = A'(di) 
and A"(d) = A"(di), the generators cq, . . . , q (with i f , or p), those corre- 
sponding to the arcs from A'{d) and those corresponding to the arcs from A"{d) 
occur. So it's enough to study the behavior of the semi-invariants corresponding 
to the arcs from A{d). We describe the link between the admissible arcs of the 
polygons A(d) and A(di). We have 

di=ph+ ^ pi{ei + Sei)+ ^ Piei+ 

iel+\{l+n[s.ai{s)]) i<Els\ihnls,ai{s)]) 

Pi{ei+6ei)+ ^ Piei+ 

iG/+n[s,CTj-(s)] ielsr\[s,aiis)] 

We have two cases 
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(1) Ps-1 = Pai{s)+i <r-l with s - 1 e /+, 

(2) = Poi(s)+i = r - 1 with s - 1 e /+. 

in the case (1) the only difference between the structure of A{d) and A{di) is that 
the admissible arcs [s, s + 1], [s + 1, s + 2], . . . , [cr/(s) — 1, cr(s)] are of index r in A{d) 
and of index r—liTiA{di). In the case (2) we have the admissible arc [s— 1 , ct/ (s) + 1] 
of index r — 1. The admissible arcs [s, s + 1], [s + 1, s + 2], . . . , [ct/(s) — 1, cr/(s)] 
are of index s in A{d) and the admissible arcs [s — 1, s], [s, s + 1], . . . , [cr/(s) — 
1, cr7(s)], [ct/(s), (T/(s) + 1] are of index r — 1 in A{di). 

Now we prove that the embeddings $d and are isomorphisms and this will be 
done in two steps. The first step is to show case by case that the semi-invariants 
corresponding to the admissible arcs are non zero for some V G Rep{Q) 
and, if V satisfy property (Spp) or (Op), they are non zero pf^ . The second step is 
to give an explicit description of the generators of the algebras on the right hand 
side of <i>d and 'i'd- This is based on the knowledge, given by inductive hypothesis, 
of the algebra SpSI{Q,di) (respectively OSI{Q,di)). We can describe explicitly 
the generators of the algebra SpSI{Q, ^2) (respectively OSI{Q, c?2)) and we can 
note that they are determinants or pfaffians, knowing that the group Sp{Q, ^2) (re- 
spectively 0{Q, (^2)) has an open orbit in SpRep{Q, 0^2) (respectively ORep{Q, ^2)) 
and hence that SpSI{Q, ^2) (respectively 0SI{Q,d2))iseL pol5momial ring (lemma 
IA.2.5L At this point we know the generators of the algebras on the right hand 
side of $d and ^d- Now, using the fact that these are determinants or pfaffians, we 
prove that they actually are in SpSI{Q, d) (respectively in OSI{Q, d)) and that the 
embeddings ^d and 'frf are isomorphisms. 

We will consider case by case the semi-invariants corresponding to each admissi- 
ble arc [i, j]. To simplify the notation we shall call a both the arrow a E Qi and the 
linear map V{a) defined on a, where is a representation of Q. 

3,2.1.1 Alf^ 

We have at most two r+-orbits A and A' of the dimension vectors of nonhomo- 
geneous simple regular representation. We assume n > 2 and we consider the 
T-orbit {ei = (5ei, 62, . . . , ej^j^-^, (5ej^j^^, . . . , (5e2}. Let E A{d). If we consider 
the arc [1, 1] of index 0, i.e. pi = 0,p2 7^ 0, . . . 7^ 0, we have the minimal 

projective resolution of V(^o,i} 

where d^jl°^^ = o-(wi) • • • a{v^)av^ ■ ■ ■ vi and so 

c^c.i) = detiHomQid'^l;^' , •)) = det(a(t;i) • • • a{v^)av, ■ ■ ■ v,) 

inthesymplecticcaseandp/^<°i) = pf{cr{vi) ■ ■ ■ a{vi)avi, ■ ■ ■ vi) in the orthogonal 
case, since in this case a is skew-symmetric and a{vi) = — (wi)*. If we consider the 
arc [(T/(2), 2] = [0, 2] of index 0, i.e. Pa,{2) = = P2,Pi 7^ 0, we have the minimal 
projective resolution of V(i 0) 

Pa(ao) ^ Pao ^ ^^(1.0) ^ 
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where d^\n — ^('"i) " " " • • • ui and so 

c^ci.o) = det(FomQ(d^-„°',-)) = rfet(0-(t(i) • • • cr(w|)6u| • • • wi) 

in the symplectic case and p/^(i.o) = pf{a{ui) ■ ■ ■ a{ut)buh ■ ■ - ui) in the orthog- 
onal case, since in this case b is skew-symmetric and a{ui) = —{uif. We note 
that for / = 2 we have only the admissible arcs [1,1] an [ctj(2),2]. We assume 
now that ^ > 4 (Hs even) and is not an admissible arc considered above. If 
l<*<j<| + l/ then we identify [i, j] with the path Vj-i ■ ■ ViiviQ and we have 
the minimal projective resolution of Eij^i 

P^,_, -Bij-i 

where rf^'j'^"' =Vj-i-- -Vi and so 

c^i,.-i = det{HamQ{d^ii;\-)) = det{vj-i ■ ■ ■ v,). 

We note that 

^T-VEij_i ^ c^.iU),.^i(i)-i = det{a{vi) ■ ■ ■ a{vj-i)) = det{vj-i ■■■Vi)= c~ 



If j = ai{i) then in the symplectic case we get c^i.^/CO-i = det{a{vi) ■ ■ - a- ■ - Vi) and 
in the orthogonal case, we getp/'^''''/(*'-i = p f{a{vi) • • • a • • • ?;, ), since a{vi) • • • a • • 
is skew-symmetric. Now we consider the arcs which have ei as internal ver- 
tex. For these arcs, 2 < j < i—1 < I and [i, j] can be identify with the path in Q con- 
sisting of the path vi ■ ■ ■ = <t{vi) ■ ■ ■ then coming back by (t{ui) ■ ■ - b- ■ - ui 
and at last passing for Vj-i ■ ■ ■ vi. We have the minimal projective resolution of 
Ei,j-i 



ui)---b---ui Vj-i-- 
a{vi)---Vi-i 



whered5r = r landso 



c-^-^ = detiHom,id^,r , •)) = det ( '^^^^^ ^ " ) • 

In particular we note that ifi = aj (j), in the orthogonal case, we get 

since 6 is skew-syirunetric and a{vi) = Finally we note that V(o,i), V(i^o)/ 

Ei,cTi{i)-i arid E^j(^j^j_i satisfy property (Sppj. Similarly we define the semi- 
invariants for the admissible arcs in A'{d), exchanging the upper paths of 
^fc with the lower ones. 

3.2.1.2 Alf^ 

We have at most two T+-orbits A and A' of the dimension vectors of nonhomo- 
geneous simple regiilar representation. We assiraie n > 2 and we consider the 
r-orbit 

{62, ■ ■ ■ , e[^]+2' '^S[i]+2' • ■ • , ^62 = ei}. 
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Let e A{d). If we consider the arc [cr/(2), 2] = [1,2] of index 0, i.e. p2 = 0,p3 7^ 
0, . . . ,P[i]_|_2 7^ 0/ we have the minimal projective resolution of V(i_o) 

/(i,o, 

Paiao) ^ Pao ^ ^(1,0) ^ 

where d^l'^"' = (j(vi) ■ ■ ■ a(v i )av i ■ ■ - vi and so 

c^d.o) = det{HomQ{d^J^\:^'> , •)) = det{a{vi) ■ ■ ■ a{vi)avi ■■■vi) 

inthesymplecticcaseandp/^<:i'°' = pf{u{vi) ■ ■ ■ cr{vi_)avi_ ■ ■ - vi) in the orthogonal 
case, since in this case a is skew-symmetric and u{vi) = — (w, )' . If we consider the 
arc [(7/(3), 3] = [0, 3] of index 0, i.e. ps = 0,p2 ^ 0, we have the minimal projective 
resolution of V(o,i) 

O^Py,® Pa(ao) ^ P.{y.) ® Pao ^ ^(0,1) ^ 

2 2 

whered„<,„' = (^^^ J ^'"'^ "° 

in the symplectic case and 

in the orthogonal case, since b is skew-symmetric and (T{ui) = —{uiY. We note 
that for ^ = 2 we have only the admissible arcs [cr/(2), 2] an [a/ (3), 3]. We assume 
now that I > 4 and is not an admissible arc considered above. If 2 < i < j e 
I < ^ + 2, then we identify [i.j] with the path Vj-2 ■ ■ ■ Vi-i in Q and we have the 
minimal projective resolution of Sij-i 

> Pxj-2 ^ Pxi-2 ^ ^ 

where rf^^^"' = t;j_2 • • • i^i-i and so 

c^^,.-i = det{HomQ{d^,^-\-)) = det{vj.2 ■ ■ ■ ^^i-i). 

We note that 

^T-vis.,,_i ^ c^.,b),.,c)-i = (ief(cr(w,_i) • • • a{vj-2)) = det{vj-2 ■ ■ ■ Vi-i) = c^'''-K 

Moreover, if j = ai{i) then, only in the orthogonal case, we get p/^i.^jco-i = 
pf{a{vi-i) ■ ■ ■ a - ■ ■ Vi-i) since a{vi-i) ■ ■ ■ a - ■ ■ Vi-i is skew-symmetric. Now we 
consider the arcs which have de2 = e\ and 62 as internal vertex. For these 
arcs, 3<j<i — 1<Z-|-1 and we have the minimal projective resolution of 

> Pyu ® P<T(ao) ® Pxj-2 ^(^(Vk) ® Pa-o ® Pxi-s ^ ^ ^ 

2 T 
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(b a{ui) ■ ■ ■ a{ut) \ 

Ufc • • • Ml Vj-2 ■■■vi and so 

' a{vi)---v,-2 / 

(b Uk ■ ■ -ui 

a{ui) ■ ■ ■ a{uk) a{vi)---Vi-2 

Vj-2 • • • f 1 

In particular we note that if i = cr/(j), in the orthogonal case, we get 

(b Uh ■ ■ -ui 

(7(ui)-- •a(M|) <t(?;i)---ct(?;j_2) 

Vj-2 ■■ - Vi 

since 6 is skew-S}anmetric, a{vt) = —{viY and a{ui) = —{uiY. Finally we note that 
V(o,i), V'(i,o), -Bj_<^^(,)_i and E„^(j)j_i satisfy property (Sppj. Similarly we define 
the semi-invariants for the admissible arcs in A.'{d), exchanging the upper 
paths of with the lower ones. 

3.2.1.3 I^'j 

We have at most two r+ -orbits A and A' of the dimension vectors of nonhomo- 
geneous simple regiilar representation. We assiraie n > 2 and we consider the 
T-orbit 

{ei = 5e\, 62, ... , ej!^j_,_j, ej!^j_,_2 = Se^i^T^j^^i ■ ■ > ^^2}. 

Let e A{d). If we consider the arc [1, 1] of indexO,i.e. pi = 0,p2 ^ 0, . . . ,p^tzi-^_^_2 7^ 
0, we have the minimal projective resolution of V(o,i) 

where rf^'°„^' = (t{vi) ■ ■ ■ a{v^)v^ ■ ■ - vi and so 



c^(°.i) = det{HomQ{d^°;i^ , •)) = det{a{vi) ■ ■ ■ (t{vi)vl ■■■vi) 

in the orthogonal case and p/^c.i) = pf{a{vi) ■ ■ ■ <j{vl)vl • • • wi) in the symplectic 
case, since by definition of symplectic representation 

a{vi) ■ ■ ■ a{v^)v^ • • • vi is skew-symmetric. If we consider the arc [cr/(2), 2] = [0, 2] 
of index 0, i.e. Pai{2) = ^ = P2,Pi ^0, we have the minimal projective resolution 
of V(i,o) 

Paiao) ^ Pao ^ ^(1,0) ^ 

where d^l^^ = a{ui) ■ ■ ■ <T{uk )uk ■ ■ - ui and so 

c^d.o) = det{HomQ{d^]^'' , •)) = det{a{ui) ■ ■ ■ (7{uk)uk ■■■m) 
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in the orthogonal case and pf^f^.") = pf{a{ui) ■ ■ ■ a{ut)uh • • • ui) in the symplectic 
case, since by definition of symplectic representation 

a{ui) ■ ■ ■ a{uk )uk ■ ■ - ui is skew-symmetric. We note that for I = 2 we have only 
the admissible arcs [1, 1] an [crj(2), 2]. We assume now that / > 4 (/ is even) and [i, j] 
is not an admissible arc considered above. If 1 < i < j < / + 1, then we identify 
with the path Vj-i ■ - -VimQ and we have the minimal projective resolution 
of iJjj-i 

where d^-^^^ — Vj^i ■ ■ ■ Vi and so 

c^-- = det{HomQ{d^-^-' , •)) = det{vj.i ■ ■ ■ Vi). 

We note that 

^T-VEij., ^ c'^.ju),.j(i)-i = det{a{vi) ■ ■ ■ (7{vj-i)) = det(vj-i ■■■Vi)= c^'''-\ 

Moreover, if j = ai{i) then, only in the symplectic case, we get p/^*. = 
pf{a{vi) ■ ■ ■ Vi), since a{vi) ■■ - Vi is skew-symmetric. Now we consider the arcs 
which have ei as internal vertex. For these arcs, 2<j<i — 1<1 and we 
have the minimal projective resolution of Eij^i 

where d^'-'-' - ( "^^"^^ ' ' ' ^^-^ '"""^ ^ and so 
Where a!„,„ _ ^^^^^ ^ J and so 

c^'-- = det{HomQ{d^:^-\-)) = det 
In particijlar we note that Hi = ai {j), in the symplectic case, we get 



a{ui)---ui a{vi)- 
Vj-i ■■ - Vi 



\ Vj-i ■■■vi 

since cr(wi) ■■■ui and (t(wi) — — (fi)*- Finally we note that V(o,i)' ^(i.o)/ P^i,<y,{i)-i 
and satisfy (Op). Similarly we define the semi-invariants for the admis- 

sible arcs in A'{d), exchanging the upper paths of A^'^ with the lower ones. 

3.2.1.4 A];] 

We have at most two t+ -orbits A and A' of the dimension vectors of nonhomo- 
geneous simple regular representation. We assiraie n > 2 and we consider the 
r-orbit 

{ei = 5e\, 62, ... , ej!^j_,_j, ej!^j_,_2 = Se^i^T^j^^i ^^[L^]+i^- ■ ■ > ^^2}- 

Let G A{d). If we consider the arc [1, 1] of index 0, i.e. pi = 0,p2 ^ 0, . . ■,P[tzi^_^_2 
0, we have the minimal projective resolution of V(o,i) 

/(0,1, 

Pa(ao) ^ Pao ^ ^(0,1) ^ 
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where rf„'°„^' = (t{vi) ■ ■ ■ a{vi)vi ■ - -vi and so 

c^c.^) = det{HomQ{/j,l^' , •)) = det{a{v^) ■ ■ ■ a{v^)v_^ ■ ■ ■ v,) 

in the orthogonal case and = p,f{cr{vi) ■ ■ ■ cr{v^)v^ ■ ■ ■vi)in the symplectic 

case, since by definition of symplectic representation 

a{vi) ■ ■ ■ (t{v^)v^ • • • t;i is skew-symmetric . If we consider the arc [(J/ (2), 2] = [0, 2] 
of index 0, i.e. Pcri{2) = = P2,Pi ^ 0, then we have the minimal projective 
resolution of V(i,o) 

P<7{ao) ^ Pao > ^(1,0) > 

where = a{ui) ■ ■ ■ (j{uh)bu^ ■■ - ui and so 

c^d.o) = det{HcmiQ{d)^\:!^\-)) = det{a{ui) ■ ■ ■ a{ut)but ■■■ui) 

in the symplectic case and = pf{a{u\) ■ ■ ■ it(u|)6u| • • • u\) in the orthogo- 

nal case, since h is skew-symmetric and (T{ui) = -{uiY. We note that for ? = 2 we 
have only the admissible arcs [1, 1] an [c7/(2), 2]. We assume now that I > 4 {I is 
even) and [i, j] is not an admissible arc considered above. If 1 < i < j < / + 1, then 
we identify [i.j] with the path Vj-i • • • in Q and we have the minimal projective 
resolution of Ei^^i 

Pcc,^, ^ E,,j_i 

where d^'^"' =Vj-i---Vi and so 

c^*,.-i = det{HomQ{d^ii;\-)) = det{vj-i ■ ■ ■ Vi). 

We note that 

^T-VEij_i ^ c^.j(j),.',(i)-i = det{a{vi) ■ ■ ■ a{vj-i)) = det{vj-i ■■■Vi)= c^'-'-K 

Moreover, if j = ai{i) then, only in the S5anplectic case, we get pf{(T{vi) ■ ■ - vt) = 
p f^i'^i'^')-^ since (7{vi) ■■ - Vi is skew-symmetric. Now we consider the arcs 
which have ei as internal vertex. For these arcs, 2<j<i — 1<1 and we have the 
minimal projective resolution of Eij^i 

whered5r = ("^:;^;;':;;"^ '^(^^^-^) and so 

In particiilar we note that if i = ct/ {j), in the orthogonal case, we get 
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since b is skew-symmetric, cr(Wi) = —{vtY and a{ui) = —{uiY. Finally we note that 
V(o,i), Ei^ai(i)-i satisfy (Op) and V(i,o), -Ba/OO.j-i satisfy property fSpp). Similarly 
we define the semi-invariants for the admissible arcs [i, j] in A'{d), exchanging the 
upper paths of A].'] with the lower ones and tracing out the procediire done for 



We have at most two r"*" -orbits A and A' of the dimension vectors of nonhomo- 
geneous simple regular representation but in this case A = 5 A' so it's enough to 
study the semi-invariants associated to the arcs in A{d), because these are equal to 
those ones associated to the arcs in A'{d). We assume k > 2 and we consider the 
T-orbit {eo, ei, 62, ... , ek-i}- Let G A{d). If we consider the arc [1, 1] of index 
0, i.e. pi = 0,p2 ^ 0, . . . ,Pk-i i= 0, we have the minimal projective resolution of 
V(o,i) 

> -P(T(ao) Paa ^(0,1) 

where rf^^°„'' =Vk---v\ and so 

c^c.i) = det{HomQ{d2°;l' , •)) = det{vk ■ ■ ■ v^). 

If we consider the arc [0, 2] of index 0, i.e. Po = = p2,pi ^ 0, then we have the 
minimal projective resolution of V(i_o) 

/(1,0) 

where d^'-„'' =Uk---ui and so 

c^(i.o) = det{HomQ{d^^^:' , •)) = det{uk ■ ■ ■ u,). 

We note that for k = 2 we have only the admissible arcs [1, 1] an [0, 2]. We assume 
now that > 3 and is not an admissible arc considered above. If 1 < i < j < 
k, then we identify with the path vj-i ■■ - Vi in Q and we have the minimal 
projective resolution of Eij^i 

> Pxj-i > Pxi-i > Eij-i — > 

where d'^-^'^ = Vj-i-- -v^ and so 

c^-- = detiHoruQid^,^' , •)) = det{v,^, ■ ■ ■ v,). 

Now we consider the arcs which have ei as internal vertex. For these arcs, 
2<j<i — l<k — 1 and we have the minimal projective resolution of Eij^i 

Pa{ao) ® Pxj-i Pao © Px,-, ^ Eij_i 

where d^-'^ = ( J ^ ) and so 
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3.2.1.6 Di'^ 

In this case there are three r-orbit A = {ei = dei,e2, • ■ ■ , e„_i, 5e„-i, . . . , 662}, 
A' = {ro = Se'a, e[ = Se[} and A" = {ef,' = Se'{}. The only admissible arcs in A'{d) 
and A"{d) are [0, 0] and [1, 1], recalling that e^ + e^ = h = + e". For such arcs in 
A' we have the rninimal projective resolution of £^01 

p<,(t,) e Pad,) Pt^ e Pt, E'o^^ 

where ^5;^ = ^J^j^); ^^^^.^ ) , similarly for Ei, and so 

c-i,o = e-o. = .^et(i/om^(dS;i, .)) = ^ei ( ^^f « ^{^g ) . 

We note that the matrices a{a)cb, a{a)ca and a{b)cb) have different size for [0, 0] 
and for [1, 1]. Whereas in A" we have we have the minimal projective resolution 

of C^o,i = c^i.o 



'"0,1 



— ^ P^^t,) ® Pa(t^) ^ Pt, ® Pt2 -^0,1 



where df"!! = ( 1 and so 



mm 



a{a)cb a{b)cb 



in the symplectic case and 



a{a)cb 
a{b)ca a{b)cb 



in the orthogonal case, since cis skew-symmetric, (j{b) ~ —6* and (T(a) = —a*. We 
assume n > 3 and we take e A{d). If we consider the arc [1, 1], we have the 
minimal projective resolution V(i^i) 

Paiu) e P<.(t,) ^ Pti ® Pt, v^i,i) 



where d^^''''> - f ''^^^^'^ \ and so 

where - I ^^^^-^ ^^^^-^ I and so 



(T(o)ca a{a)cb 
a{b)ca a{b)cb 



c^'i^'^^ = det{HomQ{d'^l;:\-)) = det 
in the symplectic case and 

-„f{ o-(a)c& \ 

-PJ\^ a{b)ca a{b)cb J 

in the orthogonal case. If doesn't contain ei as an internal vertex, then we 
have 1 <i < j <2n and we have the minimal projective resolution of -E'j,j-i 

P,,_, E,j_i 



93 



where d^-^ ' = Cj_2 • • • c,_i and so 

c^-- = det{HomQ{d'^:^-' , •)) = det{c,.2 ■ ■ ■ C-i), 

where cq = (a, 6) and C2n^i = crlco)- In particular in the orthogonal case if j = 
(Ji{i) then pf^i.'^id)-! = p/(a-(cj_i) • • • Cj_i), since in this case a{ci) = — (cj)* and 
Cn-2 is skew-symmetric. If contains ei as an internal vertex, i.e. 2 < j < i < 
2n — 1 and we have the minimal projective resolution of 

Pz,_i e Pa(t,) e Pa(t,) '^"^ Pz^., © Pt, ® Pt2 E,^j-i 

a{a)c2n-3,i-l a{b)c2n-3,i-l \ 

where rf^'^"' = ( Cj_2,ia cr{a)c2n-3,ia cr{b)c2n-3,ia and so 

Cj_2,l6 a{a)C2n-3,lb (7{b)C2n-3,lb J 

Cj_2,l'^ Cj_2,l6 

^ I cr(a)c2„-3,i-i o-(a)c2„_3,ia a-(a)c2„-3,i^ 

Cr(6)c2„-3,j-l 0-(fc)c2n-3.lO 0-(6)c2„-3,l^ 

where Ck,i = Ck - --ci and co,i = id. If cr/(i) = j then, only in the orthogonal case, 
we have 

(0 Cj_2,ia Cj_2,i6 

o-(a)a-(cj_2,i) a-(a)c2„-3,io (7(a)c2„-3,i^ 
a{b)a{Cj-2,l) (T{b)C2n-3,lCl (7{b)C2n-3,lb 

since cr(cj_2,i) = — (cj_2,i)*, cr(a) = — a*, cr(6) = —6* and C2„-3,i is skew-symmetric. 
Finally we note that E"q, V(i_i), and E^j(^j^j_i satisfy property (Spp). 

3.2.1.7 5°'^ 

There are again three r-orbit A — {ei = Sei,e2, ■ ■ • , e„_i = (5e„_i, . . . , (5e2}, A' = 
{cq = (5eg, e'l = 5e[} and A" = {cq = de'{}. The only admissible arcs in A'(rf) and 
A"(d) are [0, 0] and [1, 1], recalling that ef, + e'^ = /i = eg -h e". For such arcs in A' 
we have the minimal projective resolution of Eq 

Where rf^;; = ( _^ ), similarly for E^, and so 

cKo = = <iet(i/om,(.S;i, .)) = det ( ^^f « ^g!^ 

We note that the matrices a{a)cb, a{a)ca and a{b)cb) have different size for [0, 0] 
and for [1, 1]. Whereas in A" we have the minimal projective resolution of c^ci = 
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where d^"^;^ = ( ) and so 



a{a)cb a{b)cb 
in the orthogonal case and 

{ (j{b)ca a{b)cb J 

in the symplectic case, since cis skew-symmetric, (t(&) = —6* and a{a) = —a*. We 
assume n > 3 and we take [z, j] e A{d). If we consider the arc [1, 1], we have the 
minimal projective resolution V(i i) 

where d;:^-' = r '^I'^l!? ^^^H? "land so 



cr(a)c6 a{b)cb 
in the orthogonal case and 

" V «T(6)ca a{b)cb J 

in the symplectic case. If [i, j] doesn't contain ei as an internal vertex, then we 
have l<i<j<2n — 3 and we have the minimal projective resolution of -E'i,j-i 

P,,_, P^._i Ei,,_i 

where rf^^'^"' = Cj_2 • • • Ci_i and so 

c^^..-i = det{HomQ{d^C\-)) = det{cj-2 ■ ■ ■ Ci-i), 

where Co = (a, 6) and C2n-4 = cr(co). In particiilar in the symplectic case if j = ai{i) 
then = pf[a{ci-i) ■ ■ ■ Ci-i). If [i, j] contains ei as an internal vertex, i.e. 

2<j<i<2n — 4 and we have the minimal projective resolution of 

^ Pz,., ® Pait,) ® Pa(t,) P.._, ®Pt, ®Pt, ^0 

(0 (7(a)c2„-6,i-l (^{b)c2n-6,i-l \ 

Cj-2,ia a{a)c2n-6,ia cr(6)c2„-6,ia and so 
Cj-2,ib a{a)c2„-e,ib a{b)c2n-6,ib ) 

Cj-2,\a Cj-2,\b 

= I a{a)C2n-G.i-l (T{a)c2n-6Sa (T(a)c2n-6,lb 
a{b)c2n-6,i-l a{b)c2n-6,ia CT{b)c2n-6,lb 
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If cr/(i) = j then, only in the symplectic case, we have 

(0 Cj_2,ia Cj-2,i6 \ 

(T(a)CT(cj_2,i) cr(a)c2„_6,ia cr{a)c2n-6Ab 
a{b)a{cj^2,i) cr{b)c2n-6,ia a{b)c2n-6,ib J 

since (T(cj_ 2,1) = — (cj-24)*/ o'(a) — — a*, (t(&) ~ —6* and C2„-64 is skew-symmetric. 
Finally we note that E'^q, V(i_i), -Ei,<jj(i)-i and E„j(^j-jj_i satisfy property (Op). 

3.2.1.8 End of proof of theorem l3X9l theorem l3T6l and proposition l3.2.8l 

We prove the second step of proof of theorem 13.2.91 By the analysis case by case 
we note that if [i, j] is admissible then the semi-invariants associated to define 
a nonzero element of SpSI{Q, d) (respectively of OSI{Q, d)). 
For a symmetric dimension vector d we denote 

SpTiQ, d) = {xe U iz«« I SpSI{Q, d)x ^ 0} (3.38) 

and 

Or(g, d) = {x e Ifi" U iz'3° | 0SI{Q, d)^ 7^ 0} (3.39) 

the semigroup of weights of symplectic (respectively orthogonal) semi-invariants. 
We note that (|338t and | |339t involve also because in SpSI{Q, d) and in 

OSI{Q, d) also pfaffians can appear. To simplify the notation, we shall call X[i.j]' 
xjj j] and X[i j] be respectively the weights of the semi-invariants associated to ad- 
missible arcs [i, j] respectively from A{d), A'{d) and A"{d). In the next the follow- 
ing proposition will be useful. We will state it only for A, because for A' and A" 
the statements are similar. Let d be a regular symmetric dimension vector with 
canonical decomposition d = ph + d' with p> I. 

Proposition 3.2.34. Let {Q,ct) be a symmetric quiver of tame type. Let d2 he of type 

e[s.ai[s)\, e[s.t\ + ieys.t] e[i2fc,<Tjfefc-i)l + (^[^2k-l,^yI{^2k)\■ 

(i) Ifd2 = e[s.crj{s)], then 

(a) For every arc [i, j] of A' and A" ive have x[ij] \supp(d2)j \supp(d2) 

e SpTiQ, d2) 

(respectively in Or{Q, ^2))- 

(b) For every arc of A that doesn't intersect [s, cr/(s)] or contains [s — 1, ai{s) + l] 
we have X[i,j]\supp{d2) ^ Spr{Q, d2) (respectively in OV(Q, d2)). 

(c) Let pi, . . . , pr be the weights of generators of the polynomial algebra SpSI{Q, ^2) 
(respectively OSI{Q, d2)). Then r > n' ~ s, where n' € /+ U Ig is either a aj-fixed 
vertex or the extremal vertex of a a i -fixed edge, and pi, . . . ,pr can be reordered 
such that pi = x[s.s+i] , ■ ■ ■ :Pn'-s — X{n'-\,n'\ and for every m> n' — swe have 
(Pm, e„) ^Oforn = s,...,n'. 

(ii) Let d2 — ej^ + 5e[s,t]' then 

(a) For every arc [i, j] of A' and A" ive have x[i,j] \supp(d2)j X[i,j] \supp(d2) 

e SpTiQ, d2) 

(respectively in Or{Q, ^2)). 

(b) For every symmetric arc of A that doesn't intersect [s,t] U [o-/(i), (t/(s)] or 
contains [s-l,ai{s-l)\ or [ai{t+l),t+l],wehavex[i,j]\supp{d2) ^ SpT{Q,d2) 
(respectively in Or{Q, ^2))- 
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(c) For every arc C /+ (respectively [z, j] c I-) that doesn't intersect [s,t] 
(respectively [ai{t),ai{s)] or contains [s — l,t + 1] we have X[i,j]\suppid2) ^ 
SpT{Q, ^2) (respectively in OT{Q, d2))-- 

(d) Let pi, . . . , pr be the weights of generators of the polynomial algebra SpSI{Q, ^2) 
(respectively OSI{Q, ^2)). Then r > t—sand p\,...,pr can he reordered such that 
Pi = X[s,s+i] , • • • , Pt-s = X[t-i,t] and for every m> t- swe have {pm, e„) = 
for n = s, . . . ,t. 

(Hi) Let d2 = eu., , j + Cfi,. , i , a, then 

(a) For every arc of A' and A" we have xjijj \supp(d2)jX[ij-\ \supp(d2) 

G Spr{Q,d2) 

(respectively in OT{Q, 62))- 

(b) For every arc of A that doesn't intersect [«2fe-i,o'7(i2fe-i)] or contains [i2k-i— 
1, ai{i2k-i) + 1] we have X[i,j]\suppid2) & SpT{Q, ^2) (respectively in Or{Q, 62)). 

(c) Let pi, . . . , pr be the weights of generators of the polynomial algebra SpSI{Q, ^2) 
(respectively OSI{Q, d2)). Then r >n' — s, where n' G I+Uls is either a aj-fixed 
vertex or the extremal vertex of a aj-fixed edge, and pi,.. .,pr can be reordered 
such that pi = X[s.s+i], • • • , Pn'-s = X[n'-i,n'] and for every m> n' — swe have 

{pm, Cn) =Oforn^ s,..., n'. 

Proof. It proceeds type by type analysis, considering the description of the 
weights of symplectic and orthogonal semi-invariants done above. We recall that 
7X[i,i] = X[(7i{j),ai{i)] a^rid we observe that if a; is a a-fixed vertex and x is a weight, 
then x(.t) = 0. We prove only the symplectic case for Q = A].'] and for ^2 = 
e[s,<T/(s)]/ because the procedure to prove all other cases is similar. We order the 
vertices of AI'] such that the only source is 1 (so the only sink is cr(l)), hvi-i = i for 
every* G {2, . . . , | + km = | + z + l for every i G {1, . . . , |} and then the respec- 
tive conjugates by cr of these. We shallcallw(ti).^_..._(t/)_^, where ... G ZU^Z 

and {ii, . . . is an ordered subset of {1, . . . , | -h | -|- + ^ + 1),.. . ,fT(l)}, 

the vector such that 



w'(ti)ii,...,(t/)i^ (y) = 



otherwise. 



Moreover we can associate in bijective way the vertex i G {2, . . . , |} c (^^ J)o to 

i G /+, the vertex ^ + i + lof Alj to i -I- 1 G /+ and the vertex | to [^] + 2gIs. 
(a) By section 3.2.1 A we have 

if has not ei as internal vertex; 

X\i,j] = ,+,+,,(1) for i < i - 1 

if [i,j] has ei as internal vertex and in particular if j = cri{i) we have 
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Nowif (x(, ,,],e[s_o.,(s)]) 7^0thenx[ij] ^ S'pS'/(Q, ^2), but we note that (xjij], efs,^^^)]) = 

for every i and j, so we have (a). 

(b) By section 3.2.1.4 we have 

X[^,3] ^ w^D.-X^ih for 1<*<J<^ and X[i+i,.(i+i)] = 
if [i, j] has not ei as internal vertex; 

X[«j] = for J < i - 1. 

if [i, j] has ei as internal vertex. 

Now we note that {x[t.j],e[s^ajis)]) 7^ Oif [i, j]n[s,<] 7^0and[i,j] ^ [s-1,(t(s-1) = 
<t(s) + 1], so we have (b). 

(c) First we note that we can choose symmetric arcs of each length from a fixed 
vertex of A, because the result of theorem |3.2.9| is invariant respect to the Coxeter 
transformation t+. We note that [s,ct/(s)] has ei as internal vector. The gener- 
ators of SpSI{Q,d2) associated to A{d2) are c^' — det{vi) of weight X[i.i+i\ = 

''«(i)i,(-i)i+iforeveryi e {l,...,s-l}andc^= ''i<=)-i = det ( ^ ^' ^ j 

of weight X[s,^H^)] = ^(i)i,(-i)=,(i).(.),(-i)<,(i)- So we call = X[^,i+l] for every 

1 € {1, . . . , s — 1} and pn'-s = X[s.cn(s)]> where in this case n' = + 2. The other 
generators are associated to A'{d2) and so, as done in the part (a) of this proposi- 
tion, their weight p,„, for m E {n' — s + 1, . . . , r}, are such that {pm, Gn) = for 
n e {s, . . . □ 

We assume now that d = di + d2 where di = ph + d'l with p > I and d2 = e[s,cri (s)]/ 
e[s,t]+Ses,t] ore[,,,,,^^(_^^_^,] +e[i,,_^,i^^(^^^^].. So we take th e corresponding arc in 
a chosen position (for which we proved proposition 13 .2 .341 . 

Proposition 3.2.35. Letd,di,d2 beasabove. We suppose that the semigroup Spr{Q , di) 
(respectively Or{Q, di)) is generated by the weights X[i jy X[i j] fo^ admissible arcs 
of the labelled polygons A(di), A'(di), A"(di). Then Spr{Q,di) n Spr{Q,d2) 
(respectively OT{Q, di) n OT{Q, d2)) is generated by the weights X[i,j], x'lijy X[ij] for 
admissible arcs [i,j] of the labelled polygons A(d), A'(d), A"{d). 

Proof. We prove it only for the othogonal case and for d2 — e[s,<7i{s)]f because 
the symplectic case is similar. 
We are two cases. 

(1) Assume j3s_i = Pai{s}+i < r — 1. The admissible arcs of A(c?i), A'(di), A"(di) 
and A(d), A'{d), A"{d) are the same. By proposition 13 .2 . 341 CT ( Q , ^9 ) contains 
X[s,s+i] 1 ■ ■ ■ : X[ai{s)~i.(Ti{s)] arid all the other weights corresponding to the admissi- 
ble arcs of A(d), A'{d) and A"(d). 

(2) Assume ps-i = Pcrj(s)+i = r — 1. We prove that Or{Q, di)r\Or{Q, ^2) is gener- 
ated by x[j j] for every admissible arc of A'(di) = A'{d), xj- for every admis- 
sible arc [i, j] of A"(di) = A"(d) and X[i,j] for every admissible arc [i, j] of A(di) of 
index smaller than r-1 or not intersecting [s, cr/(s)], i.e. X[s,s+i],- ■ ■ ,X[ai{s)-i,ai{s)] 
and X[s~i,<Tj(s)+i] = X[s~i,s] H + X[<7i(s),ai(s)+i]- Let 

[i,j]£A{di) [^,j]eA'{dl) [i,3]€A"{di) 
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with nij,n'^ j,n'lj > 0, be an element of Or{Q,di). We assume that x is also 
in OT{Q, (^2). By proposition 13.2.341 we note that all the generators of Or{Q, di) 
except of X[s-i,s] and X[ai(s).ai{s)+i] are also in Or{Q, ^2)- Hence, if x contains nei- 
ther X[s~i,s] nor X[CTj(s),aj(s)+i]/ then % is a linear combination of desired genera- 
tors. So we have to prove that if X contains (resp. X[crj(s),(T7(s)+i]) with posi- 
tive coefficient, then it contains X[s,s+1],- ■ ■ , X[aiis).aiis) + 1] (reSp. X[s-l,s],- ■ ■ , X[aj(s)-l.ai(s)])- 

Thus we can subtract X[s-i,cri(s)+i] from x- 

We assume that x contains X[s-i,s] with positive coefficient (the proof is similar 
for X[aiis).,cr,{s)+i])- We note that {x[s~i.s],es} = -1 and, by proposition |3.2.34[ the 
other generators of Or{Q,di), except X[s.s+i]/ have zero product scalar with eg. 
Moreover, x G OT{Q, ^2) and so, by proposition 13 . 2 .341 (x, eg) > 0. Hence x con- 
tains X[s,s+i] with positive coefficient. By proposition ^. 2.341 it follows that (x, Ss + 
Cs+i) > 0. But {x[s-us] + X[s,s+i] , + e^+i) = -1 and xis+Us+2] is the only genera- 
tor of OT{Q, di) with positive scalar product with Cg + Cg+i- Continuing in this 
way, we check that x contains X[s-i,s],X[s,s+i], ■ ■ ■ ,X[ai{s)~i,ai{s)],X[aiis),ai{s)+i] 
with positive coefficients. So we can subtract X[s-i.<7i{s)+i] from x and continue. 
In this way we complete the proof. □ 

Now we can finish the proof of theorem 13.2.91 Since theorem 13.2.91 is equivalent 
to conjectures ll.2.1l and ll.2.2l for tame type and regular dimension vectors, then, in 
this way, we finish also the proof of conjectures ll.2.1l and ll.2.2l 
Again we consider the embeddings 

SpSI{Q,d)^ SpSI{Q,d,)^^^^^SpSI{Q,d2)^\,^ (3.40) 

X£char(SpiQ,d)) 

and 

OSI{Q,d)'^ 05/(Q,di)^l,^ ®O5/(0,d2)x|., (3.41) 

Xecliar{OiQ,d)) 

where Q, d, di and d2 are as above. The semigroup of weights of the right hand 
side of $d and are respectively SpT{Q, di)r\SpT{Q, ^2) and OT{Q, di)r\OT{Q, ^2). 
These are generated by X[jj]/ ^[i j] admissible arcs of the labelled 

polygons A((i), A'{d), A"(c?), by proposition 13 . 2 .351 So the algebras on the right 
hand side of $d and ^'(j are generated by the semi-invariants of weights X[i.j] / x[i j] / 
x'^^ ^] and by the semi-invariants of weights {h, •) (or ^{h, •)). 

Finally, we note that the embeddings (f>d and ^Prf are isomorphisms because they 
are also isomorphisms in the weight {h, •) (or •)) and so we completed the 
proof of theorem 13.2.91 Moreover, in that way, we also proved proposition I3.2.8[ 
expliciting the semi-invariants of type for every admissible arc and theo- 
rem |3.2.6l by isomorphisms $d and "^d considering di — ph and d2 — d'. 
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Appendix A 

Representations of GL and 
invariant theory 

A.l Highest weight theory for GL and Schur modules 

We recall the basics of representation theory of general linear group. 
We fix an algebraically closed field K. 

Definition A.1.1. Let G he an algebraic group. {V, p) is a rational representation ifV is 
a vector space of dimension m, p : G x V — > V such that p{g,v) = g ■ v is a rational 
action, i.e. 

a) g ■ {h- v) = {gh) ■ vfor every g,h G G and v gV, 

b) e - V = vfor every v gV where e is identity in G, 

c) p is a morphism of varieties. 

Definition A.1.2. G is linearly reductive if and only if every rational linear representa- 
tion ofG is semisimple. 

Let G be a linearly reductive group and let p : G ^ GL(V) be a finite dimen- 
sional rational representation of G. Let if be a maximal torus of G, i.e. a maximal 
subgroup of G isomorphic to (K*)'' for some /i e N, restricting ptoH we obtain 
a rational representation of H. So we can decompose V into the direct sum of 
eigenspaces 

v= V, 

X^char{H) 

where char{H) = {homomorphisms of algebraic groups x '■ H ^ K*} is the set 
of characters of H and = {v e V\p{t){v) = x(t)i', Vt G H}. The elements 
X S char{H) such that ^ are called weights of p, is called weight space of 
weight X and dim is called multiplicity of the weight x- The set of weights char{G) 
forms a free abelian group X = char{G). Let $ = $(G, H) be the set of roots of 
G relative to H. ^ is an abstract root system in a real vector space E. Let A be 
a base of $. So X has a dual base by the inner product on E defined by Cartan 
matrix of $ (see [Hu, Appendix]. A weight is called dominant weight if it is a linear 
combination of elements of a such base of X with integer non-negative coefficients. 
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Theorem A.1.3. Let B be a Borel subgroup of G, i.e. a closed, connected and solvable 
subgroup ofG which is maximal for these properties, containing H. 

(a) For every irreducible rational representation VofG there exists a unique B-stable 
1-dimensional subspace which is a weight space Vf^,for some dominant weight p, of 
multiplicity 1 f/i is called the highest weight ofV and any generator ofV^ is called 
highest weight vector ). 

(b) For every dominant weight p e char{H) there exists an irreducible rational rep- 
resentation VofG with highest weight p (called the highest weight representation 
of G) which is unique up to isomorphism, i.e. ifV is another irreducible rational 
representation ofG with highest weight p' then V is isomorphic to V if and only if 
p equals p'. 

Proof. See [Hu, theorem 31.3]. □ 

The groups GL{n) and SL{n) are linearly reductive (see [GW, theorem 2.4.5]. 
Hence for GL{n) = GL{E), where E = K" with K an algebraically closed field 
of characteristic 0, it's enough to classify irreducible rational representations. 
If F is a vector space of dimension m, a rational representation p : GL{E) 
GL{V) is called polynomial if and only if the entries Pij{g) of p (for I < i,j < m) 
are polynomials in {gij}i<i,j<n, where g = {gij)i<ij<n e GL{E). A polynomial 
representation p : GL{E) GL{V) is homogeneous of degree d if and only if the 
entries Pij{g) of p (for I < i,j < m) are homogeneous of degree d in {gij}i<ij<n- 

Proposition A.1.4. a) Every rational representation V ofGL{E) is of the form V = 
V (g) (/\" i?)®* for some t, where V is a polynomial representation and /\" E is 
the n-th exterior power of E. 

b) Every polynomial representation ofGL{E) is a direct sum of homogeneous repre- 
sentations. 

Proof See [FH, sec. 15.5]. □ 

Hence it's enough to classify irreducible homogeneous representations of degree 

d. 

Let A be a partition of d, i.e. A = (Ai, . . . , A^) with A = Ai > . . . > Afe > and 
Ai + . . . + Afe = rf. We identify partitions (Ai, . . . , Afc,0) with (Ai, . . . , A^). We shall 
denote d = |A| and we shall call the height of A, denoted by ht{X), the number k 
of nonzero components of A. Graphically we represent A as a set of boxes with A^ 
boxes in the i-th row (called Young diagram of A), so |A| and ht{X) are, respectively, 
the number of boxes and the number of rows of the diagram of A. For example, if 
A = (4, 3, 1), then the Young diagram of A is: 



For a partition A we denote its conjugate (or transpose) partition A' = (A'^ , . . . , AJ ), 
where A^ is the niraiber of boxes in the j-th column of the Young diagram of A. For 
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example, if A = (4, 3, 1) then A' = (3, 2, 2, 1) and the Yovng diagram of A' is: 



Let T be a tableau of shape A, i.e. a filling of the Young diagram of A with numbers 
1, . . . ,d. We define the Young idempotent ct to be an element of the group ring 
Kf^d]. In the symmietric group Sd we define the subgroups Rt and Ct to be the 
sets of permutations in Sd preserving respectively the rows and the columns of T. 
We define 

bt = sgn{T)(TT. 

Finally we define the Schur module 

SxV := erV^'^, 

where F is a finite dimensional vector space, dimV = n. If T and T' are two 
tableaux of the same partition A, then erV®'^ and e'j.V^'^ are isomorphic as GL{V)- 
modules [W, lemma 2.2.13]; thus SxV = erV'^'^ depends on the partition A and not 
on the tableau T. The representations S\V give all irreducible representations of 
GL{V) homogeneous of degree d [P, chap. 9 sec. 8.1]. 

For the Schur modules sometimes we shall use the notation S\V and sometimes 
the notation <S'(Ai,...,Afc)^/ it depends if we want to consider or not the components 
of A. 

Now we give two examples of Schur modules. If V is finite dimensional vector 
space we shall call Sn (V) the n-th symmetric power of V, so the symmetric algebra 
of V is S{V) = 0„>o SniV), and A"(^) the n-th exterior power of V, so the 
exterior algebra of V is /\{V) = 0„>o A"(^)- 

Example A.1.5. Let V be an n-dimensional vector space 

n-l 

(a) If X = {d,0, . . . ,0) = {d, 0"~^) then S(^d o"-i)^ just the d-th symmetric power 
Sd{V). 

d n~d 

(b) IfX = (iT"?^, 0~?^ = (1'', 0""'') then S(^id^o"-'')V is just the d-th exterior 
power /\ {V); in particular if d = dimV, S(^idimv-jV = /\ ™ (y) := D is 
called a determinant representation ofG. 

c) Ifk > n and Xk > 0, wehave S(^Xu...,\k)^ = 0. 

Introducing the convention = ^^.^^ .^^y and 5'(Ai,...,a„)V"<8)A"(^^*) = 



5(Ai-i A„-i)K we see that there is a bijective correspondence between ratio- 
nal irreducible representations of GL{n) and vectors (Ai, . . . , A„) e Z" such that 
Ai > • • • > A„. 
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We give an alternative description of Schur modules equivalent to that already 
given [W, lemma 2.2.13]. Let V be an n-dimensional vector space. Let 

r s r+s 

m: /\V^/\V^ /\V, 

such that 

m{ui A . . . A Ur ® Vi A . . . A Vs) = Ui A . . . A Ur A Vi A . . . A Vs, 
be the multiplication in the exterior algebra /\ V and let 

r+s r s 

^ ■■ /\v ^ /\V f\v, 

such that 

A{ui A . . . A Ur+s) = {~^y^"^''^Ucr(l)A...Au^(^r)'S>U^{r+l)A...Au^(^r+s) 

where 5^:^^ = {a G Sr+s\cr{l) < ■ ■ ■ < a{r);a{r + 1) < ■ ■ ■ < a{r + s)},he 
the comultiplication in the exterior algebra /\ V. We consider A = (Ai, . . . ,Xk) a 
partition of d. We can define the Schur module as 

^aV^ := A ^ • • • A ^/^(^' 

where 

Ai Aa-l A„+2 Afc 

R{X,V)= /\V^---<^ /\V0Ra,a+l{V)® /\V®---® f\V 

l<a<k-l 

where Ra^a+iiV) is the submodule spanned by the images of the following maps 
^(A, a, u, v; V) with u + v< Xa+i- 

J,1(8)A8)1 

A" A^""" 1/ A" 1^ 

A^" V o A^°+' v'. 

Let us choose an ordered basis {ei, . . . , e„} of V. If T is a tableau of shape A with 
entries in {1, ... , n}, we associate to T the element in S'a 

eT(i,i) A ... A eT(i,Ai) O • • • O eT(fc,i) A ... A eT{k,\k) + ^i^^ 

where T{i,j) is the entry of T in the i-Hh row and j-th colirmn of the Young dia- 
gram of A. 

We recall some properties and some known results about Schur modules. 
A filling of the Young diagram of a partition A with the numbers 1, . . . , n weakly 
increasing along each row and strictly increasing along each colimin is called col- 
umn standard tableau corresponding to the basis {ei, . . . , e„}. 
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Theorem A.1.6. Let {ei, . . . , e„} a basis ofV. The column standard tableaux corre- 
sponding to this basis form a basis ofS\V 

Proof. See [W, prop. 2.1.4]. □ 

If V is an n-dimensional vector space, a Borel subgroup of GL{V) — GL{n) is 
the subgroup of all upper triangular matrices, the maximal torus H of GL(n) is 
the subgroup of diagonal matrices and the sequences (Ai, . . . , A„), with Ai G Z 
and Ai > ... > A„, are the dominant integral weights for GL{n); we shall write 
X = diag{xi, . . . , Xn) in H for the diagonal matrix with these entries. The decom- 
position of V into direct sum of weight spaces is 

n 

Va^{veV\x-v^\{xTv\/x£H}, 

o=(ai,...,a„)eZ" i=l 

see [B, chap. 3 sec. 8]. 

Theorem A.1.7. Let V be an n-dimensional vector space. 

1) If\ is a partition with at most n components then the representation SxV ofGL{n) 
is an irreducible representation of highest weight A = (Ai, . . . , A„). 

2) For any p. — (pi, . . . , pn) with > • • • > pn integers, there is a unique irre- 
ducible representation of GL{n) with highest weight p, which can be realized as 
S\V ® D®^ ,for any k ^TL and where \i = ^i — k> Ofor every i e {1, . . . , n}. 

Proof. See [F, sec. 8.2 theorem 2]. □ 

By theorem I A. 1.31 and by the previous one, every irreducible rational represen- 
tation is a Schur module tensored with a power of a determinant representation. 

Theorem A.1.8 (Properties of Schur modules). Let V be vector space of dimension n 
and A be the highest weight for GL{n). 

(i) SxV = ^ ht{X) > n. 

n 

(ii) dim S\V = 1 ^ A = (k~^^^~k) = {k"-)for some k e Z. 

(Hi) (^(Ai....,A„)^)* = 5(A„...a„)^* = 5(_A„....,-A0^- 

Proof. See [FH, theorem 6.3]. 

Theorem A.1.9 (Cauchy formulas). Let V and W be two finite dimensional vector 
spaces. 

a) As a representation ofGL{V) x GL{W), Sd{V ® W) decomposes as 

Sd{V®W) = SxV®SxW; 

A|=d 

b) As a representation ofGL{V) x GL{W), Sd{V ® W) decomposes as 

d 

l\{y ®W)^ ^ SxV ® Sx'W; 

\\\=d 
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c) As a representation ofGL{V), Sci{S2{V)) decomposes as 

Sd{S2{V)) = S2XV, 
|A|=d 

where 2A = (2Ai, . . . , 2Afe) z/A = (Ai, . . . , Afe); 

d) As a representation ofGL{V) the ring Sd{/\^{V)) decomposes as 

2 

Sd{/\{V)) = S2X'V. 

|A|=d 

Proof. See [P] chap. 9 sec. 6.3 and sec. 8.4 , chap. 11 sec. 4.5. 

Finally we consider the tensor product of Schur modules 
Lemma A.1.10. 

where 's are called Littlewood-Richardson coefficients. 
There is a combinatorial formula to calculate c\^. 

Let 

Dx = {{i,3)\l<i<kl<j<Xi} 

be the Young diagram of A and let / : D^/a ^ {1, . . . , n} be a column standard 
tableau. We denote CST{v/\, {1, . . . , n}) the set of column standard tableaux of 
shape y/\ with values in {1, ... , n}. We define cont{f), the content of f, to be the 
sequence {|/~^(1)|, . . . , \f~^{n)\}. We define w{f) to be the word we get from / 
when we read it by rows, starting with the first row, from right to left in each row. 
A word w = {wi, . . ., Wm) on the alphabet {1, . . . , n} is a lattice permutation if for 
each 1 <u <m and for each 1 <i <n — l we have 

|{1 <j <u\ Wj = i}\ > \{1 <j<u\wj=i + 1}|. 

Finally we define the set 

LR'x^ = {/ G CST{v/\, {1, . . . cont{f) ~ (pi, . . . ,fin), wif) is a lattice permutation}. 
Theorem A.1.11 (Littlewood-Richardson rule). Let A, jj,, v he partitions, then 

Proof See [P, chap. 12 sec. 5.3]. □ 

Corollary A.1.12. If \ = {V) and fi = (to*), then SxV (g) S^V is multiplicity free, i.e. 
SxV ® S^V = Si,V. Moreover if s > t then v = (i/i, . . . , fg+t) with Ui = I + Ci 
for 1 < i < t, Vi = I for t < i < s and Vg+i = m — ct-i+i for 1 < i < t, where 
m>ci>...>ct>0 and I + Ct> m. 

Proof. We note that we can suppose in the statement s > t, since the tensor 
product is commutative. The proof is a consequence of Littlewood-Richardson 
rule. □ 
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A.2 Invariant theory 

In this section we recall definitions and fundamental results of invariant theory. 
If G is a group which acts on a finite dimensional vector space V, we shall call 
= {v € V\g ■ V = vVg € G} the space of invariants of V and we have a general 
lemma 

Lemma A.2.1. Let Gbea group which acts on two finite dimensional vector space V and 
W. IfG acts trivially on V , then iy O = V ® W^. 

If G is an algebraic group and y is a rational representation of G, then G acts 
on the coordinate ring of V K[V] as follows: if / e K[V] and g G G, 

{g-f){v) = f{g-'-v). 

The ring of G-invariants in K[V] is 

K[Vf = {feK[V]\g-f = fygGG}. 

Theorem A.2.2 (Hilbert). IfG is linearly reductive and acts rationally on a finite dimen- 
sional vector space V then K.\V]^ is finitely generated. 

Proof. See [P, chap. 14 sec. 1.1]. 

Now we formiilate the first fundamental theorem for the linear group. 

Theorem A.2.3 (FFT for GL). Let V he a finite dimensional vector space. We take the 

space {V*Y-kV'' = {{ai, . . . ,ap,vi, . . . ,Vq)\a.j eV*,Vie V^j G {l,...,p} and^li G 
{1, . . . , q}] as a representation of GL{V). On this space we consider the pq polynomial 
functions Uij{ai, . . . , ap, vi,. . . ,Vq) = aj{vi) which are GL{V)-invariant. Then 

K[{V*f X = K[ui,] i<i<, 

i<j<p 

Proof. See [P, chap. 9 sec.1.4]. 

Now we give the definition of semi-invariant and of character of an algebraic 
group. 

Definition A.2.4. Let G be an algebraic group and let V be a rational representation of 
G. 

(i) X : G — )■ K* is fl character ofG if it is a homomorphism of algebraic groups; 

(ii) f G K[V] is a semi-invariant of weight x of the action ofGonV if for every g € G, 
g ■ f ~ x{9)f where x is a character ofG. 

If char{G) is the set of characters of G, then the ring of semi-invariants of the 
action of G on y is 

SI{G,V)= SI{G,V)^ 

X^char(G) 

where SI{G,V)^ = {/ G Hy]\^9 ^ G,g ■ f = x{9)f} is called weight space. In 
general we have the following lemma proved in [SK]. 



106 



Lemma A.2.5 (Sato-Kimura). Let Gbe a linear algebraic group acting rationally on the 
vector space V. If there is a Zariski open G-orbit in V then the ring SI{G, V) spanned by 
the semi-invariants is a polynomial ring: 

SI(G,V)^k[h,...,f,] 

for some collection of algebraically independent and irreducible semi-invariants fi, . . . ,fs. 
Moreover if fi e SI{G, V)^. then the Xi linearly independent over Z in the space of 
characters of G. 

Corollary A.2.6. Under the assumptions of the lemma \A^T5[ the set of characters x such 
that SI{G, y)x^ forms a free abelian semigroup, isomorphic to W. In particular, if f 
is any semi-invariant of weight x, then f = • • • /"^ , where u is a unit in K and the 
Gi > are the unique integers such that x = X]i=i "iX* space of characters of G. 
Thus SI{G, V) is a polynomial ring. 

If G = GL{n), there exists an isomorphism Z = char{GL{n)) which sends an 
element a of 1^ in {det)°- (where det associates to g E GL{n) its determinant). So we 
have 

SI{G,V) = K[Vf^^^\ 
Finally other two results on Schur modules and invariant theory. 

Propositiori A.2.7. Let V be a finite dimensional vector space of dimension n. 

{SxV)^^^'^^ ^ ^ A = (fc") 

for some k and in this case S\V, and so also {SxV)^^''^\ have dimension one. 

Propositiori A.2.8. Let V be a finite dimensional vector space of dimension n and let A 
and jjL be two dominant integral weights. Then 

S\V ® S^V contains a semi-invariant 

Al — A2 — p.n-1 — IJ-n 
A2 — A3 = /in-2 — 

An-1 — A„ — /^l — /i2 

and in this case the semi-invariant is unique (up to a non zero scalar) and has weight 

Al + /in = A2 + /in-l = • • ■ = A„ + /li. 

Proof. It is a corollary of (5.6) in [M, 1.5]. □ 

Let Sp{2n) = {A e GL(2n)\A.JA = J} be the simplectic group, let 0{n) = {A e 
GL{n)\A*-A = /} be the orthogonal group and SO{n) = {A G 0{n)\det A — 1} be 

the special orthogonal group, where 1 is the identity matrix and J = 

Proposition A.2.9. Let V be an orthogonal space of dimension n and let W bea symplec- 
tic space of dimension 2n. 
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(a) dim{SxV)0(v^ 



1 if X = 2fi 
otherwise 



(b) dim {SxV)^oiv) = I 1 ^ " + ^''"^ 



_ / 1 if A = 2/x' 
otherwise 



otherwise 

(c) dim {SxWfP^^^ = 

for some partition jj, and for some k e Z>o. 

Proof See [P] chap. 11 cor. 5.2.1 and 5.2.2. □ 

We end this section recalhng definition and properties of the Pfaffian of a skew- 
S5mimetric matrix. 

Let A ~ {aij)i<ij<2n be a skew-symmetric 2n x 2n matrix. Given 2n vectors 
xi,. . . , X2n in K^", with K an algebraically closed field with characteristic 0, we 
define 

1 " 
FAixi,...,X2„) = sgn{s)Y[{xs^2i-i),Xs{2i)), 

seS2„ i=i 

where S2n is the symmetric group on 2n elements, sgn{s) is the sign of permuta- 
tion s and (•, •) is the skew-S5anmetric bilinear form associated to A. So Fa is a 
skew-symmetric multilinear function of . . . , X2„. Since, up to a scalar, the only 
one skew-symmetric multilinear function of 2n vectors in K^" is the determinant, 
there is a complex number Pf{A), called Pfaffian of A, such that 

FA{xi,...,X2n) = PfiA)det[xi,...,X2n] 

where [xi,. . . , X2n] is the matrix which has the vector Xi for «-th column. In partic- 
iilar one proves that 

1 " 

^^^^^ ^ ""^"^^^ n ««(2i-l)a(2i) 

«eS2n\-B„ i=l 

where i3„ is a subgroup of 5*2,1 isomorphic to the semidirect product Sn x (Z2)". 
We can write the Pfaffian of A avoiding to sum on all possible permutations. 



where s is the permutation 



»1<31 'n<Jn 

il<...<in 



1 2 ... 2n-l 2n 

il jl ■ ■■ in jn 



Proposition A.2.10. Let Abe a skew-symmetric 2n x 2n matrix. 

(i) For every invertible 2n x 2n matrix B, 

PfiBAB') = det{B)Pf{A); 

(ii) det{A) = Pf{Af. 

Proof. See [P, chap. 5 sec. 3.6]. □ 
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Appendix B 



Quiver representations and 
semi-invariants 

B.l Auslander-Reiten theory 

A qmver Q is a pair {Qo, Qi) where Qo is the set of vertices and Qi is the set of 
arrows. Let 

a : ta — > ha, ta, ha G Qo 

be an arrow in Qi. We shall call ta the tail of the arrow a and ha the head of the 

arrow a. A path p in Q is a sequence of arrows p = oi • • • a„ such that hai = ta^+i, 
(1 < i < n — 1). For every x € Qo we also have a trivial path such that 
hex = tCx = X. We say that Q has no oriented cycles if there are no paths p = oi • • • o„ 
such that tai = han- 

We fix an algebraically closed field K. A representation V of Q is a family of finite 
dimensional vector spaces € Qo} and of linear maps {V{a) : V(ta) 

V{ha)}aeQi ■ The dimension vector of F is a function dim (V) : Qo — )• Z>o defined 
by dim (V)(x) := dimV{x). 

A morphism f : V ^ W oi two representations is a family of linear maps {fix) : 
V{x) W{x)\fiha)V{a) = W{a)f{ta)ya G QijxeQo- We denote the space of 
morphisms from 1/ to by HomQ{V, W) and the space of extensions of V by W 

hy Extl^{V,W). 

Definition B.1.1. The nan symmetric bilinear form on the space of dimension vectors 
given by 

{a,p} = ^ a{x)p{x) - J2 a{ta)p{ha) 

x£Qo aeQi 

is the Eulerform ofQ, where a,(3€ Z^". 

If dim V = a and dim W = j3, we have 

(a, /3) dim Homq {V,W) - dim ExI'q {V, W) 

We shall call Rep{Q, a) the variety of representations of Q of dimension vector a. 

Definition B.l. 2. Let Qbe a quiver and let a he a dimension vector. A general represen- 
tation ofQ is a representation from some nonempty Zariski open set in Rep{Q, a). 
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We recall the definitions of simple, projective and injective representation of a 
qmver Q = (Qoi Qi)- For each vertex x, a simple representation is the represen- 
tation for which Sx {x) — K, {y) = for every y G Qq\ {x} and Sx (a) is the zero 
map for every a e Qi. For every x G Qo we define an indecomposable projective 
representation as follows: 



with x,y G Qo and a & Qi, where [x, y] is a vector space over K with a basis la- 
belled by all paths from x to y in Q and ao is the map which sends the path p to 
the path a op. Every indecomposable projective representation of Q is isomorphic 
to Px for some x € Qo and moreover we have Homq^Px, V) = V{x) for every rep- 
resentation V of Q, see [ARS, sec III.l]. Similarly every indecomposable injective 
representation of Q is isomorphic to Ix, where is defined as follows: 



with x,y e Qo and a G Qi, where [y, x]* is the dual space of [y, x] and oa : [ha, x] — >■ 
[ta,x] is the map which sends p to p o a. In this case we have i?omQ(F,/a;) = V{x)* 
for every representation V of Q, where V{x)* is the dual space of V{x). 
Now we recall some definitions and results of Auslander-Reiten Theory, for deep- 
ening see [ARS] and [ASS]. 

We define the path algebra KQ of a quiver Q, the K-algebra which has the paths of 
Q as basis. The miiltiplication in KQ is defined by 



Proposition B.1.3. 1) KQ is a finite-dimensional K-algebra if and only ifQ has no 
oriented cycles. 

1) The categories Rep{Q) of representations ofQ and KQ — mod of left KQ-modules 
are equivalent. 

Proof. See [ARS, sec. 3.1 prop. 1.1 and prop. 1.3] and [ASS, sec. II.1 lemma 
1.4(c) and sec. m.l cor. 1.7]. □ 

Let A be a finite-dimensional K-algebra, a morphism f -.V ^ W 'm the category 
of left j4-modules A — mod is called a retraction if there exists g -.W ^ V such that 
fg = idw and it is called a section if there exists g : W ^ V such that gf = idy- 

Definition B.1.4. Let f -.V ^ W be a morphism in A — mod. 

(a) / is called minimal right almost split if 

(i) every endomorphism h :V ^ V such that fh = /, is an isomorphism (right 
minimal morphism), 

(ii) f is not a retraction, 

(Hi) for every g -.V ^ W which is not a retraction there exists g' :V' such 

that fg' = g. 

(b) f is called irreducible if it is neither a section nor a retraction and if f = ts, for 
some s : y — 7- X and t : X ^ W, then s is a section or t is a retraction. 



Px{y) = [x,y] and Px{a) := ao [x,ta] [x,ha] 



Ix{y) = [y,x\* and Ix{a) := (oa)* : [ta,x\* [ha,x\* 




pq if tp = hq 
otherwise. 
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Now we are able to define the Auslander-Reiten quiver and the almost split 
sequences. 

Definition B.1.5. Let Q be a quiver and KQ be the path algebra of Q. The quiver 
AR{Q) = {AR{Q)o, AR{Q)i), where the set of vertices AR{Q)o is the set of indecom- 
posables ofKQ and the set of arrows AR{Q)i is the set of the irreducible morphisms not 
zero between indecomposables, is called Auslander-Reiten quiver ofQ. 

Theorem B.1.6. If W is an indecomposable non-projective A-module (respectively V is 

f 

an indecomposable non-injective A-module) then there exists an exact sequence — >■ F — >■ 
Z A- W ^ such that f and g are both irreducible, called almost split sequence. 

Proof. See [ARS, sec. 5.1 theorem 1.15]. □ 

If V is an A-module, a right minimal morphism p : P ^ V, with P projective, 
is called a projective cover of V. One can prove that every A-module V has a mini- 
mal projective presentation P\^ Pq^V ^ i.e. an exact sequence where po is a 
projective cover of V and is a projective cover of Kerpo ([ARS, sec. 1.4 theorem 
4.2] and [ASS, sec. 1.5 theor. 5.8]). 

Let V G A — mod, we assume that V has no projective summands and let Pi ^■ 
Po ^ ^ ^ be a minimal presentation of V. Applying the functor HomA{-, A) on 
it, we obtain a minimal presentation 

Hom{Po,A) Hom{Pi,A) — )• CokeriHom{pi,A)) — ^ 0. 

We define coKer{Hom{pi, A)) := Tr(y), the transpose of V. Thus the transpose 
is a contravariant functor Tr : A — mod — > mod — A (mod — A is the category of 
right A-modules) which equals zero on projective modules. We can define also 
Tr : mod — A — >■ A — mod considering 

Tr 

mod - A = A°P - mod — > mod - A°p = A - mod. 

Proposition B.1.7. If A = KQ and V is a representation of Q without projective direct 

summands, then Tr{V) = Ext\{V, A). 

Proof See [ARS, sec. 4.1 corollary 1.14]. □ 
Definition B.1.8. The functor 

r+ := V o Tr : A - mod — > mod - A ^ A°p - mod — > A - mod, 

where V is the duality functor sending the representation V to V*, is called Auslander- 
Reiten translation (AR-translation). Similarly we can define the functor t~ := Tr o V. 

We note that, by definition, Vr~ = r+V and Vr+ = t~ V. 
The following theorem records an important property of the AR-translation. 

Theorem B.1.9 (Auslander-Reiten duality). Let A = KQ and let V and W be two 
A-modules. 

(a) IfV has no projective summands, then there exist isomorphisms of vector spaces 
HomQ{W,T+V) ^ Ext]^{V,W)* and Ext^Q{W,T+V) ^ HomQ{V,Wy. 
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(b) IfV has no injective summands, then there exist isomorphisms of vector spaces 
HomqiT-V, W) ^ Extl^{W, V)* and Ext^^ir-V, W) ^ HomQ{W, V)*. 

Proof See [ASS, sec. IV.2 cor. 2.14]. □ 

Corollary B.1.10. Let A = KQ and let V and W be two A-modules. 

(a) IfV and W have no projective summands, then there exist isomorphisms of vector 

spaces 

HomQ{T+V,T+W) ^ HomQ{V,W) 

and 

Ext]^{T+V,T+W) ^ Extl{V,W). 

(b) IfV and has no injective summands, then there exist isomorphisms of vector spaces 

HomQ{T-V, T'W) ^ HomQ{V, W) 

and 

Ext]:^{T-V,T-W) ^ Extl{V,W). 
Proof. It is an immediate consequence of theorem 1.9. □ 

By AR-duality, if we consider t+ and as linear transformations on the space 
of dimension vectors, i.e. if y is a representation of a qiiiver with dimension a 
then T^Q.:= dim t^V, we have, for every a and /3 dimension vectors, then 

(i) (a,^) = -(T-/3,a) 

(ii) (a,^) = -(/3,T+a) 

(iii) (a,^) = (r±a,r±^). 

At last another result about the existence of the almost split sequences. 

Theorem B.1.11 (Auslander-Reiten 1975). 1) For every finitely generated indecom- 
posable non-projective module V there is an almost split sequence — ^ r+y ^ 
X^V^OinA — mod with finitely generated modules. 

2) For every finitely generated indecomposable non-injective module V there is an 
almost split sequence ^ V ^ Z ^ t~V ^ in A — mod with finitely 
generated modules. 

Proof. It is a direct consequence of the theorem 1.8, see also [ASS, sec. IV.3 
theor. 3.1]. □ 

B.2 Quivers of tame type 

Definition B.2.1. A quiver Q is called of tame type if the underlying graph ofQ is of type 

A, D or E. 

For all of the next results we refer to [DR]. 
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Proposition B.2.2. Let Qbea quiver of tame type, then the quadratic form qq : — )• Z 
defined by 

qgia) := a{x)'^ — a{ta)a{ha) 
xeQo oeQi 

is positive semi-definite and there exists a unique vector h € N'^" such that lAi is the 
radical of qQ or, equivalently, such that t^H = h and \h\ X^kgQo ^(^) minimum in 
P^Qo quivers of type A and D the vector h has the following form 

1 ... 1 

A: I 1 (B.l) 

1 ••• 1 



1 1 
D: 2 ••• 2 (B.2) 

1 1 

Definition B.2.3. Let V be an indecomposable representation ofQ. 

(i) V is preprojective if and only if [r^yv = Ofor i » 0. 

(ii) V is preinjective if and only if {r^yv = Ofor i » 0. 
(Hi) V is regular if and only if{T'^yv ^ Ofor every i € Z. 

Definition B.2.4. Let V be a representation ofQ. The linear map 

5 : N'5° — Z 

defined by di dim V) := (/t. dim V) is called defect ofV. 

Lemma B.2.5. Let V an indecomposable representation of Q. V is preprojective, prein- 
jective or regular if and only if the defect ofV is respectively negative, positive or zero. 

The regular representations of Q form an Abelian category RegK{Q). More- 
over RegKiQ) is serial, i.e. every indecomposable regular representation has only 
one regular composition series and so it is only determined by its regular socle 
and by its regular length. 

Definition B.2.6. A simple regular module E is called homogeneous if and only if dim E = 
h. 

Proposition B.2.7. Let Q be a quiver of tame type. Then there exist at most three r"*"- 
orbitsl^ = {ei\i e I = {0,...,u}}, A' = {e'^\i e /' = {O,...,^;}}, A" = {ef|i e 
I" = {0, . . . , w}}, of dimension vectors of non-homogeneous simple regular representa- 
tions of Q (I, I', I" could be empty). We can assume that T+(ei) = e^+i for i G I 
fe„+i = eo), T+{e'i) = e^+i /or i e 7' (e'^^^ = ef,) and T+{e'[) = e^'+i ^ ^ 
= eo). 

We denote the set of all regular representations of Q with Vj.. Every vector 
dGVr can be decomposed as 

iei iei' iei" 
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for some p,pi,p'^,p^ £ N such that at least one of coefficients in each family {pi \ i G 
/}, {Pi\i G /'}, {Pi\i G /"} is zero. The decomposition (IB.3t is called canonical 
decomposition of d. It is unique because the only linear relations between h, e^, 
and e are 

We observe that the category Reg]K{Q) can be decomposed as direct sum of cate- 
gories TZt, with t — (ip, %[}) G Pi(K). In all categories TZt, but at most three of these, 
there is only one simple object Vt which is necessarily homogeneous. 

Definition B.2.8. (1) We call Ei, E[ and E'l the simple non-homogeneous regidar repre- 
sentations respectively of dimension ei, e- and e". 

(2) We call V(^^^), where {(p,i^) G Pi(IK), the indecomposable regular representation of 
dimension h. 

(3) We define Eij to be the indecomposable regular representations with socle Ei and di- 
mension i Gfc, where Ck are vertices of the arc with clockwise orientation ei — — 

in A, without repetitions ofck- We denote Ei := Ei i and similarly we define E[ ^ and 

Lemma B.2.9. 

1 ifi^i 

-1 ifi^]-\ 

otherwise. 

Proof. By Schur 's lemma, we have 

d^^K{HomQ{E,,Ej}) = S^l othe^rwise. 

By [DR, lemma 3.3], we have di'm^{ExtQ{Ei,Ej)) = for every i ^ j — I. So by 
the relation 

{ei,ej) = dimK{HomQ{Ei, Ej)) - dimK{ExtQ{Et, Ej)), 
we obtain the thesis. □ 



B.3 Reflection functors and Coxeter functors 

Definition B.3.1. Let Qbea quiver. 

a) The vertex x £ Qo is a sink if there are no arrows a € Qi such that ta = x. 

b) The vertex x £ Qo is a source if there are no arrows a <E Qi such that ha — x. 

Let Q be a quiver and let x G Qo be a sink (respectively a source). We define 
the quiver Cx{Q) in which the direction of the arrows connecting to x are reversed. 

Definition B.3.2. Lef {ai, . . . , Ofc} be the set of arrows in Q whose head (respectively 
tail) equals x. We put 

CxiQ)o = Qo 

CxiQ)i = {cx{a);a G Qi} 

where tcx{ai) — hai, hcx{ai) = tat for every i G {1, . . . , fc} and tcx{b) = tb, hcx{b) = 
hbfor every b € Qi \ {ai, . . . , Ofe}. 
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Now we define the functors C+ and from Rep{Q) to Rep{cx{Q)). 

Definition B.3.3. Let Q be a quiver and x G Qo be a sink. Let {ai, . . . ,ak} be the set 
of arrows in Q whose head equals x. Let V e Rep{Q). We define the representation 
C+{V) ■.= W e Rep{cx{Q)) as follows. 



W{y) 



V{y) if Xt^v 

ifer(0*'^^ V{tai) V'(a;)) otherwise, 



where h{vi, ...,Vk) = V{ai){vi) H h V{ak){vk) with {vi, ...,Vk)e 0*Li V{tai). 

w( ( ^ ^^^^ ^^"^ ^ ^ 

^^^-W) \ w^^)^^k^^vitai)^Vitaj) if a = 
where pj denotes the projection on the j-th factor. 

Definition B.3.4. Let Q be a quiver and x G Qo be a source. Let {bi,...,bi} be the 
set of arrows in Q whose tail equals x. Let V e Rep{Q). We define the representation 
C-{V) — W & Rep{cx{Q)) as follows. 



W{y) = 



V{y) if xi-y 

Coker{y{x) 0j=i ^(/i^'i)) otherwise, 



where h{v) = {V{bi){v), V{bi){v)) with v e V{x). 
W{cx{a)) = 



V{a) if ta^x 

V{hbj) ^ 0^^i V{hbi) ^ W{x) if a = bj 



where ij denotes the immersion of the j-th factor. 

Let / = {fy)yeQo -V^Whea morphism in Rep{Q). 
If a; is a sink and {ai, . . . , Cfc} is the set of arrows whose head equals x, we define 
C+f = {{C+f)y)yeQo ■■ C+V C+W a morphism in Repic^Q) as foUows. For 
every y ^ x, we have fy ~ {C^ f)y, whereas {C^f)x is the unique K-linear map 
which makes the diagram 

{C+V)x 0tl^*ai 

{C+W), 0-=ima. A 

commutative. 

If a; is a source and {61, . . . , 6;} is the set of arrows whose tail equals x, we define 
C~f = {{C~ f)y)y^Qa : C~V — > C~W a morphism in Rep{cxQ) as follows. For 
every y ^ x, we have fy = {C~ f)y, whereas {C~ f), is the imique K-linear map 
which makes the diagram 

A 0Uw^t(.. {c-w)x 
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commutative. 

In particular, by definition, we have Hom{V, W) = if and only if 

HomiC+V,C+W) = 0,witha;asinkand/foTO(y,VF) = Oif and only if Fom(C-F, C-VF) = 
0, with X a source. 

C+, for every x sink, and C~, for every x source, are called reflection functors. 
We state the main result about reflection functors. 

Theorem B.3.5 (Bernstein-Gelfand-Ponomarev). 1) Let x e Qo be a sink. Let 
V e Rep(Q) he an indecomposable representation of dimension a. Then we have 

two possibilities 

a) V = S^ and then C+{V) = 0, 

h) C+(y) is indecomposable and C~C+(y) = V and the dimension ofC^{V) 
equals Cx{a) where 



2) Let X G Qobe a source. Let V e Rep{Q) be an indecomposable representation of 
dimension a. Then we have two possibilities 

a) V = 5*^ and then C-{V) = 0, 

b) {V) is indecomposable and C^C~ {V) = V and the dimension ofC~ iy) 
equals Cx {a) where 



Proof. See [BGP, theorem 1.1]. 

Definition B.3.6. A sequence xi,...,Xm of vertices of Q is an admissible sequence of 
sinks (respectively of sources) ifxi+i is a sink (respectively a source) in c^^ • • • c^i {Q)for 
i = 0, 1, . . . , m — 1. 

Corollary B.3.7. Let Qbea quiver and let xi, . . . , Xm be an admissible sequence of sinks. 

1) For every i — 1, . . . , m, ■ ■ ■ C~_^ (•S'xi) Is either or indecomposable (here 

e Rep{cxi_i ■■■Cxi (Q))). 

2) Let V e Rep{Q) be an indecomposable. We assume C^^ ■ ■ ■ Cx-^{V) = 0/or some 
k. Then there exists i G {0, . . . ,k — 1} such that V = ■ ■ ■ C~._^ {Sxi)- 

Proof. Follows by induction from theorem 1.7. 

Definition B.3.8. Let Q be a quiver with n vertices without oriented cycles. We choose 
the numbering (xi , . . . , a;„) of vertices such that ta > ha for every a G Qi. We define 





3) Let Vi,V2 e Rep{Q) 



Ct{Vi®V2) = Ct{V,)(BCt 



{V2). 



C+:=Cl---Cl and C- := C'^ ■ ■ ■ C-^. 
The functors C~^,C~ : Rep{Q) — > Rep{Q) are called Coxeter functors. 
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These functors don't depend on the choice of numbering of vertices because 
of the following interpretation of the Coxeter functors in terms of the Auslander- 
Reiten functors. 

Lemma B.3.9. Let KQ be the path algebra of a quiver Q without oriented cycles and 
{xi,.. . , Xn) be an admissible numbering of vertices. 

(i) If V is an indecomposable nonprojective KQ-module, then there are isomorphisms 
C+V ^ T+V and C'C+V ^ V. 

(ii) If W is an indecomposable noninjective KQ-module, then there are isomorphisms 

C'W ^ T^W and C+C'W^ W. 

Proof See [ASS, chap. VII lemma 5.8]. □ 

B.4 Semi-invariants of quivers without oriented cy- 
cles 

For a dimension vector a we have 

Rep{Q,a) := fl'om(K«(*"\K«('*")), 

aeQi 

the space of a-dimensional representations of Q. Moreover we define the group 

GL{Q,a):= JJ GL{K,a{x)) 

and its subgroup 

SL{Q,a) := SL{K,a{x)). 
xeQo 

These groups act on Rep{Q, a) as follows: iiVG Rep{Q, a) and g = {gx)xeQo ^ 
GL{Q, a), then g ■ V = {ghaV {a)g^J^}aeQi- Finally we denote the ring of semi- 
invariants by 

SI{Q, a) := K[Rep{Q, = {/ e Rep{Q, a)\yg e SL{Q, a)g ■ f = /}, 

where the action of GL{Q, a) on K[Rep{Q, a)], the coordinate ring of pol5momial 
functions on Rep{Q, a), is induced by the action of GL{Q, a) on Rep{Q, a) by the 
rule 

{g-fW) := f{g-'-v), 

with g e GL{Q, a), f G K[Rep{Q, a)] and V G Rep{Q, a). 

Definition 6.4.1. If f is a semi-invariant of a quiver Q, we call Z{f) the vanishing set 
off. 

Lemma B.4.2. Let f and /' be two semi-invariants of a quiver Q such that Z[f) = Z[f') 
is irreducible. Then f ~ X - f for some non zero A € K. 

Proof. Since Z{f) is irreducible, also / is an irreducible polynomial. From 
Z{f) = Z{f') it follows that /'I/ and so / = A • /' for some non zero A e K. □. 
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Remark B.4.3. Let abea dimension vector. Any set S of generators ofSI{Q, a) contains 
a subset of irreducible generators. Indeed if f € S is a reducible polynomial, then it can be 
expressed as a product of irreducible elements from S. 

Now we define the semi-invariants which appear in the principal theorem. 

Lemma B.4.4. The spaces Hom,Q{V, W) and ExtQiV, W) are respectively the kernel 
and the cokernel of the following linear map 

: Hom{V{x),W{x)) — > Hom{V{ta),W{ha)) 

where d)^ is given by 

{f{x)\x e go} ^ {f{ha)V{a) - W{a)f{ta)\a G Qi}. 
Proof See [R]. 

If a representation V has dimension vector a, then can be seen as the K-linear 
map which sends 0^gQ„ W"(a;)"(^) to 0„gQ^ H^(/ia)"(*'^). 

For every representation V of a quiver Q without oriented cycles of dimension a, 
we can construct a projective resolution, called Ringel resolution of V: 

^(*«) <^Pha^ ^ V{x) <g)P,^V^O (B.4) 

where is the indecomposable projective associated to vertex x for every x e 
Qo (see section B.l of appendix), restricted to V{ta) ® Pha sends v ® Cha to 
V{a){v) (g) Bha — a and pv restricted to V{x) ® P^ sends v to v i^i e^, see [R]. 
Moreover, applying the functor HomQ{-, W) to Ringel resolution of V, we have 
HonriQ {d^ , W) ~ d^ for every representation W of Q. 
Any character r of GL{Q, a) has the form 

T:{g^G GL{a{x))\x € Qo} ^ JJ {detg^Y^^^^ 

xeQo 

with Cx a dimension vector, defined by ex{x) = 1 and ex{y) = it x = y, and 
x{ex) e Z Va; e Qo- A vector % G ^I'^ol is called weight. 
The ring SI{Q, a) decomposes in graded components as 

SI{Q,a)= SI{Q,a)r 

Techar{GL{Q,a) 

where SI{Q, a), = {/ e K[Rep{Q, a)]\g ■ f = T{g)f \/g e GL{Q, a)}. 

Remark B.4.5. (1) Each vector % e Zl'^ol determines a unique character r^. 

(2) A character r for some semi-invariant might not uniquely determine the weight 

of the semi-invariant, e.g. if a{x) = 0, then is a x matrix, in which case 
det{gx) = 1, therefore for any x{x) e Z, def.{gj.)^^^'> = det{gx) = 1. 

If a and are dimension vectors such that {a, 13) = 0, V £ Rep{Q,a) and 
W e Rep{Q, (3), then the matrix of d]^ is a square matrix. 
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Definition B.4.6. We define the semi-invariant c{V,W) := detdy^ of the action of 
GL{Q,a) X GL{Q,/3) on Rep{Q,a) x Rep{Q,(3) (see [S]). For a fixed V the restric- 
tion ofc to {V} X Rep{Q, (3) defines a semi-invariant = c{V, •) in SI{Q, (3) of weight 
{a, •) [S, lemma 1.4]. Similarly, for a fixed W the restriction ofc to Rep{Q, a) x {W} de- 
fines a semi-invariant cw — c(-, W) in SI{Q, a) of weight — (•, /3) [S, lemma 1.4]. These 
semi-invariants are called Schofield semi-invariants. 

These semi-invariants have the following properties. 

Lemma B.4.7. Suppose that V, V, V" and W, W, W" are representations of Q, that 
( dim (V), dim (W)) — and that there are exact sequences 

then 

(i) If{dM{V'),dim{W)) < 0, then c^{W) = 

(ii) If{dtn{V'),dim{W)) = 0, then c^' (W) = c^" {W)c^ (W) 
(Hi) If(dim(V),dim(W')) > 0, then c^{W) = 

(iv) If{dtn{V),dvm{W')) = 0, then c^{W) = c^{W')c^{W") 

and similarly for cw 

Proof See [DWl, lemma 1]. □ 

Remark B.4.8. A consequence oflemma \B.4.4\ in IS] is that any projective resolution ofV 
(respectively injective coresolution ofW) can be used to calculate (respectively cw)-So 
if P is a projective module and I is an injective module then = and c/ — 0. 

Now we formulate the result of Derksen and Weyman about the set of gen- 
erators of the ring of semi-invariants SI{Q,a), defined in section 1.1, where Q 
is a quiver without oriented cycles and a is a dimension vector. So we assume 
throughout this section that there are no oriented cycles in Q. 

Theorem B.4.9 (Derksen- Weyman). Let Q be a quiver without oriented cycles and let 
(3 be a dimension vector. The ring SI{Q, (3) is spanned by semi-invariants of the form 
of weight ( dim (V). ■),for which ( dim (V).0) = 0. It is also spanned by semi-invariants 
oftheform cw of weight —{■, dim{W)) , for which (0, dim (W)) = 0. 

Proof See [DWl, theorem 1]. □ 

Remark B.4.10. If(di'm(V).dim(W)) = then we have c{V,W) = c^{W) = cwiV) = 
if and only if HomQ{V,W) ^ which is equivalent to ExtQ{V,W) ^ by lemma 

Remark B.4.11. i) IfV, V e Rep{Q) and V = V' then and c^' are equal up to 
a scalar. 

ii) IfV = V'®V" is decomposable then, by lemma \BAJ\ we have = in SI{Q, 0) 

if(dim(V').0) ^ Q,andc^ = c^' c^" in SI{Q,0) if (dim(V'). 0) = 0. 
So the algebra SI{Q, 0) is generated by all where V is indecomposable and ( dim V, 0) = 

0. 

Moreover in [DWl] Derksen and Weyman show the following 

Corollary B.4.12 (Reciprocity). Let a and be the dimension vectors satisfying {a, 0) = 
0. Then 

dimSI{Q, 0){a,-) — dimSI{Q, a)-i^.^py 
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B.5 c^, reflection functors and duality functor 

The following results show the relation between and C+ (respectively C^). 

Lemma B.5.1. Let V he an indecomposable representation ofQ of dimension a such that 
Z{c^) is irreducible and let xbea sink ofQ. Then 

on Rep[Q, p) such that (a, /3) = and for some non zero A € K. 

Proof. First we note that, by remark IB . 4 . 3 1 and by theorem |B.4.9[ it's not restric- 
tive to suppose Z{c^) is irreducible. By remark rB.4.10[ the vanishing set of is 
the hypersurface 

Z(c^) = {We Rep{Q,l3)\HomQ{V,W) ^ 0} 
and the vanishing set of c'-''^^ is the h5^ersurface 

Z(c^^^) = {C+W e Rep{c,{Q),c,{/3))\HomQ{C+V,C+W) ^ 0}. 
By definition of reflection functor, for every W E B.ep{Q, /3), 

HorriQiV, W) ^ <^ HomQ{C+V, C+W) ^ 0. 
Hence Z(c^) = Zjc ^i^). 

So, by lemma IB. 4. 21 we conclude that there exist non zero A G K such that = 
Similarly one proves the following 

Lemma B.5.2. Let V be an indecomposable representation ofQ of dimension a such that 
Z{c^) is irreducible and let xbea source ofQ. Then 

c^ = A.(c^^-^oC~) 

on Rep{Q, (3) such that {a, (3) ~ and for some non zero A e K. 

Next we study the relation between and duality functor V. 

Lemma B.5.3. Let {Q, a) be a symmetric quiver. For every representation V of the un- 
derlying quiver Q such that Z{c^) is irreducible, we have 

= Ao(c""^^oV) (B.5) 

for some non zero A e K. 

Proof. First we note that, by remark IB.4.31 and by theorem IB. 4. 91 it's not re- 
strictive to suppose Z{c^) is irreducible. Let /? be a dimension vector such that 
{ dim V, P) = 0. By equation | |1.16t we note that, for every W £ Rep{Q, /3), 

HomQ{V,W) = 0^ HomQ{VW,VV) = ^ HomQ{T-VV,VW) = 0. (B.6) 
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Thus, by remark lB.4.10[ the vanishing set of is the hypersurface 

Z(c^) ^{W £ RepiQ, /3)| HomQ{V, W) ^ 0} 
and the vanishing set of is the hypersurface 

Zic"'^^) = {VW^ e Rep{Q,dp)\HomQ{VW,VV) ^ 0}. 
Finally, by equation lES), Z(c^) = Z(c^"'^^). 

So, by lemma IB.4.21 we conclude that there exist non zero A G K such that = 
A - (c^^'^^oV). □ 

B.6 c^'s, weights and partitions 

Lemma B.6.1. Let Qbe a quiver, let xhe a sink and let a be a vector dimension. 

(i) If V is indecomposable not projective such that C^V is not projective and = 
{ dim V, a) (= {c^ dim V,c^a) ), then S SI{Q,a) and c^^ ^ G SI{cxQ,Cxa). 

(ii) IfV = Sx and ( dim Sx.Cxa) — 0, then we have e SI{cxQ, CxCa), where Sx is 
considered as representation ofcxQ, but is zero for Q. 

(Hi) IfV = C-Sx and {dimC~Sx,a) = 0, then we have e SI{Q, a) but c^i^ is 
zero for CxQ- 

Proof. First of all we observe that if a; is a sink and 7^ S'^; is projective 
then C^V is projective since C+ doesn't depend on any admissible numbering of 
vertices. Moreover ( dim Sx.c,r,a) = and {dimC~ Sx,ct) = are not both zero. 
By theorem IB. 1.91 and since a; is a sink, = ( dim C~ S^. a) — —(a. dim S-r) = 
-"x + Y.aeQv.ha=x(^ta and = {dirnSx,Cxa) = {cxa)x - EaGc,(Q)i (c^;")?.^ = 

J2aeQi:ha=x O^ta - Ux ~ J2aeQi:ha=x ^^ta = ~ax and SO J2aeQi:ha=x ^^ta = wWch 

is an absurd unless ata — for every a such that ha — x but in such case C^^ = 
for CxQ and c*^ = for Q. 

Proof of (i). Since ( dim V. a) = 0, by theorem IB. 4. 91 the c^'s are generators of 
SI{Q, a) and c^'^^'s are generators of SI{cxQ, CxCt). Moreover we note that the 
number of generators of SI{Q, a) is equal to the number of generators of SI{cxQ, Cxo). 
Proof of (ii). We can study Sx since iiV^Sx is projective, by remark above, we 
have = and also c^^^ = 0. Sx is projective in Q and so c^"^ is zero in SI{Q, a) 
but Sx, considered as a representation of CxQ, is injective. So, if ( dim Sx.Cxa) = 
then c^^ e SI{cxQ, Cxa). 

Proof of (Hi). Sx is not projective otherwise Sx = C'^{C^Sx) = which is an ab- 
surd. Thus if (dimC'-S^.a) = then c^''^- e SI{Q, a). Moreover C+C+C-Sx = 
C+C+C'-Sx = C+Sx = hence C+C-Sx is projective and so c'^x+c-s. = q in 
SI{cxQ,Cxa). □ 

We recall that if Q is Dynkin, then SI{Q,a) has a finite number of generators by 
remark lBXTl] 

Corollary B.6.2. Let Qbe a Dynkin quiver and let xbea sink. We call N{Q, a) the num- 
ber of generators ofSI{Q, a) and N{cxQ, CxOl) the number of generators ofSI{cxQ, CxOi). 
We have three possibilities. 
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(a) N{Q, a) = N{cxQ, Cxa) if { dim S^, Cxd) ^ and { dim C Sx, ct) 7^ 0; 

(b) N{Q, a) + l = N{cxQ, c^a) if {dimSx, CxO) = 0; 

(c) N{cxQ, Cxa) + 1 = N{Q, a) if (dim C-S^, a) = 0. 

Proof, (a) follows directly from (i) of the previous lemma, (b): the gerierators 

of SI{cxQ- c.j:Q.) are those of SI{Q, a) and c^". (c): the generators of SI{Q, a) are 
those of SI{cxQ, Cxa) and c'^"'^"^. □ 

Now we study weights of a quiver An and associated partitions. We denote ver- 
tices of An with {1, . . . , n} in increasing way from left to right and we call the 
arrow which has i on the left and i + 1 on the right. Let Vij be the indecomposable 
of An with dimension vector 



1 if i<h<j 
otherwise. 



Let E — (-Ei j )i<i j<,i be the Euler matrix of a qmver Q , i.e the matrix associated 
to the Euler form (•, •). In general we have 



1,0 



{ tt{a e Qi 



iii = i 
ta = i,ha = j} otherwise. 



If Q 



1 iii=j 
otherwise. 



Let (vij,-) = VijE = x = {xi)i<i<n be the weight of c^* J. 

We consider the following notation for An, let s,p > 1 be respectively the number 
of sources and the number of sinks in An (there are at least one source and one 
sink, which occurs in the eqmoriented case). 

ii 12 is 

^\ ^\ ^\ 

h h 

where ik and jh in {1, . . . , n} with 1 < A; < s and I < h < p are respectively 
sources and sinks of Q. By the previous picture we note that in A„ sinks and 
soixrces alternate. 

Let i<r = {fc e {1, ... , s}\i <ik< j} and H = {hG{l,... ,p}\i < jh < j] 

Lemma B.6.3. The weight ofc^^-^ is x~ (xOiG{i,...,n} such that 

1 I = ik with k € K or I = i and tui = i or I = j and taj-i = j 
Xi = { —1 ^ = jh with heHorl = i — 1 and hui-i = i — lorl = j + l and haj = j 
otherwise. 
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Proof. SincevijE = x= (xi)i<i<n is the weight of thenxi = -Bi,; + i^j+i,; + 
■ • • + Ej^i for every I € {1,.. . , n}. So 



XI 



Ei-ij + Ei^i + 
^1+1,1 

Ei^i + Ei+ij 
Ei-i^i + Ei^i 




= i-l 
= 3 + 1 

= i 
= j 



otherwise. 

Hence Xi = ^ for every I e {1, . . . , i — 2} U {j + 2, . . . , n}, 



Xi-i 



Xj+i 



X: 



\ c 



i - 1 ^ i 
otherwise, 

J ^ j + 1 
otherwise, 

-^i + l 
otherwise. 



Xj = 



and for every Z G {« + 1, . . . , j — 1} 



XI 



1 

-1 




1 J - 1 ^ J 

otherwise 



l-l^l^l+l 
otherwise. 



□ 



Corollary 6.6.4. Let Q = An and let w be the weight ofc^*'^ . 

(i) Let xi = ^for some I G {i, . . . , j} and let k > I in {i + 1, . . . , j — 1} U {j + 1} he 
the first index such that Xk ¥^ 0, then Xfe = — 1. 

(ii) Let xi = —I for some I € {i + 1, . . . , j — 1} U {i — 1, j + 1} and let k > I in 
{«,... ,j} be the first index such that Xk 7^ 0, then Xfe = 1- n 

Let /3 be the dimension vector of an indecomposable representation of An and 
let X = W, ■)■ Let mi be the first vertex such that x("^i) 0/ ir* particular we 
suppose x{nT-i) — 1 and mt the last vertex such that xi'/^t) 7^ 0, in particular we 
suppose x{i^t) = 1/ the other case proves in a similar way. Between nii and mt, 
-1 and 1 alternate in correspondence respectively to sinks and to sources. In this 
case we have [|] + 1 = s + 1 occurrences of 1 and s = [5] occurrences of -1. We 
caU 

io — rni, js — Tnt—\, ii, . . . ,is the sources and ji, . . . , the sinks between 

io and jg. Let F be a representation with dim V = a such that (/?,a) = and 
SL{V) = SL{Vi) X ■■■ X SL{Vn), so we have, by Cauchy formula 



SL{V) 



K[i?ep(A„,a)]^^(^) = SIiAn,a) 



<S> ^Hc)Vtc^Sxic)V, 



he 



where A is the set of all partitions. 

x(fc) — for every fc < io so either X{ak-i) — A(afc) or A(afe-i) = = A(afc) for 
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every k < io. Since = then A(ai) = and thus A(afe) = for every k < iq. 




So we have {Sx(a,jVi„)'^^^'o =^ if and only if X{ai„) = (1, . . . , 1). Now x{k) = 
for every < k < ji and x(ji) = ^1 then we have A(ai(,+i) = A(aio) otherwise 
iS\(a,^)Vil+i <» Sx(a,^^^)Vio+i f^^'o+^ doesn't have weight 0. So A(afc) = A(a,J 
for every io < k < ji. For ji we have A(ajj) and X{aig) are complementary with 
respect to a column of height ctjj because —A(ajJ;i — A(ai(,)Qj^ = — Iforevery 
e {1, . . . , aj-^}, by proposition IA.2.91 We proceed in a similar way with the other 
vertices until ig for which xi'^s) = 1- Since x(fc) — for every k > is, we have either 
A(afc_i) = A(afc) or A(aA;_i) = = A(afe) for every k > is but because A(a„_i) = 0, 
A(afc) = for every k > i^. Moreover A(ai^_i) is both a column of height and 
the complementary of X(ai^_^-i) with respect to a column of height 
So we proved the following 

Lemma B.6.5. Let Q be a quiver of type An, let a be a dimension vector and 13 be a 
dimension vector of an indecomposable representation ofQ. Let x be the weight {/3, •) and 
we suppose it is such that x{i) 7^ 0/or every i £ I = {"^J■}jg{l,...,t}, where I is a subset of 
{1, . . . , n}. Then the family of partitions associated to x 's A = (A(ai), . . . , A(a„_i)) such 
that \{ai) — for every i e {1, . . . , toi — 1}U {rrit, . . . , n— 1}, A(amj) and A(a,„j_i) are 
columns respectively of height cind and \{ai) is the complementary o/A(ai_i) 
with respect to a column of height Uifor every i g {"ij}jg{2,...,t-i}- Moreover we have 
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